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Abstract

High-dimensional molecular feature data is often acquired across multiple research entities
under varying conditions and platforms and therefore arises from multiple studies. Existing bi-
clustering methods largely ignore differences between studies and are not designed to explic-
itly separate shared biological structure from study-specific variation. We propose a multi-study
factor regression biclustering (MSFRB) model, which unifies multi-study factor analysis, factor
regression, and biclustering within a single Bayesian framework. The model enables the identifi-
cation of subsets of features that exhibit coherent patterns in subsets of samples while explicitly
separating shared and study-specific sources of variation. Latent factors are decomposed into
common factors that capture shared biological structure across studies and study-specific factors
that account for heterogeneity arising from batch effects, study design, or technological differ-
ences. To induce bicluster structure, we place a sparse exchangeable shrinkage process (ESP)
prior on the loadings and scores of the common factors. The sparse ESP prior promotes struc-
tured sparsity while enabling automatic determination of the number of active factors. The model
also incorporates covariates by including a regression component, thus allowing adjustment for
observed sample characteristics. To address the identifiability challenges inherent in multi-study
factor models, we derive a sufficient identification condition based on unique factor support and
develop a post hoc procedure for assessing whether recovered factors satisfy this condition. For
scalable inference, we derive an efficient variational algorithm. Simulation studies and an appli-
cation to multi-study colorectal cancer gene expression data demonstrate improved recovery of
shared latent structure compared with existing biclustering approaches.

Keywords: Factor analysis, biclustering, gene expression, multi-study, shrinkage, spike-and-
slab, variational Bayes

1 Introduction

High-dimensional molecular profiling technologies play a central role in modern biomedical re-
search. Platforms such as transcriptomics, proteomics, and metabolomics provide measurements on
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thousands of molecular features across biological samples, often collected in multiple studies or co-
horts, with different experimental conditions. Understanding the latent biological mechanisms that
jointly regulate subsets of these features remains a fundamental statistical challenge.

A recurring empirical phenomenon in molecular data is the presence of coordinated activity
among subsets of molecular features such as genes, proteins, or metabolites that manifest itself only
in specific subsets of samples. Biclustering methods are designed to capture such structure by simul-
taneously clustering rows and columns of the data matrix, enabling the identification of overlapping
feature–sample associations linked to latent biological processes (Pontes et al., 2015).

Since the pioneering work of Hartigan (1972), who introduced simultaneous clustering of rows
and columns of a data matrix, and Cheng and Church (2000), who popularised biclustering in gene
expression analysis, a wide range of biclustering methods has been developed. Following Madeira
and Oliveira (2004), these methods can be broadly classified into approaches based on constant sub-
matrices (e.g. Hartigan, 1972; Prelić et al., 2006), additive effects (e.g. Cheng and Church, 2000;
Lazzeroni and Owen, 2002), low-rank factorisations (e.g. Kluger et al., 2003), and pattern-based
structures (e.g. Tanay et al., 2002; Li et al., 2009). While these approaches differ in their assumptions
about bicluster geometry and signal generation, they share the goal of identifying subsets of features
that exhibit coherent behaviour within subsets of samples. Reviews of the biclustering literature are
provided by Madeira and Oliveira (2004), Eren et al. (2012), and Padilha and Campello (2017).

Among these approaches, the methods most directly related to the present work are biclustering
models based on sparse factorisations, where biclusters are represented through latent factors and
their associated loadings, and overlapping structure is induced through sparsity on both sides of the
factorisation. A seminal example is FABIA (Hochreiter et al., 2010). More recent Bayesian for-
mulations include BicMix (Gao et al., 2016), which places a three-layer shrinkage prior on factor
scores and loadings; spike-and-slab biclustering models such as Denitto et al. (2017) and Moran et al.
(2021), with the latter also incorporating an Indian Buffet Process (IBP) prior to automatically in-
fer the number of biclusters; and empirical Bayes matrix factorisation (EBMF, Wang and Stephens,
2021), where the degree of sparsity is learned from the data.

While these methods have proved useful in single-study settings, they do not explicitly account
for heterogeneity across multiple studies, nor do they incorporate observed covariate effects within
a unified biclustering framework. Among them, BicMix (Gao et al., 2016) is unique in explicitly
accommodating broad confounding effects by allowing latent factors to be either sparse or dense
through a combination of spike-and-slab and three parameter beta (TPB) priors on factor scores and
loadings. Dense factors can then absorb broad sources of variation such as batch effects, whereas
sparse factors capture more localised structure. In contrast, Moran et al. (2021) focus on recover-
ing interpretable biclustering structure and automatically inferring the number of biclusters, whereas
Wang and Stephens (2021) emphasise flexible empirical Bayes learning of sparsity patterns directly
from the data. Nevertheless, none of these approaches explicitly distinguish shared biological struc-
ture from study-specific variation. Besides batch effects and other technology-related sources of
variation, such heterogeneity may arise from differences in experimental platforms and protocols,
patient populations, sample collection procedures, or study design (see e.g. Liang et al., 2026).

In this paper, we propose a multi-study factor regression biclustering (MSFRB) model, a uni-
fied framework that simultaneously accounts for covariate effects, distinguishes between shared and
study-specific sources of variation, and recovers latent bicluster structure within a Bayesian sparse
factor analysis setting. To model study-specific variation, we build on the multi-study factor analysis
(MSFA) framework introduced by De Vito et al. (2019) in a frequentist setting and later extended
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to high-dimensional Bayesian inference (De Vito et al., 2021; Hansen et al., 2025). MSFA assumes
that some latent factors are shared across studies, while others are specific to individual studies. This
leads to a decomposition into common and study-specific factors, where the latter account for study-
dependent variability arising from batch effects, measurement noise, and other sources of heterogene-
ity. To account for observed sample characteristics such as age and sex, we further extend the model
by incorporating a design matrix of known covariates alongside the common and study-specific latent
factors and their loadings. This extension is inspired by the multi-study factor regression (MSFR)
model of De Vito and Avalos-Pacheco (2025), developed in the context of traditional factor analysis.

To recover bicluster structure, we impose sparsity on both the loadings and scores of the common
factors, thereby identifying subsets of features that exhibit coordinated behaviour within subsets of
samples. For this purpose, we employ a sparse version of the exchangeable shrinkage process (ESP)
prior (Frühwirth-Schnatter, 2023) on the variances of factor loadings and factor scores. Similar in
spirit to the hierarchical shrinkage constructions used in sparse factor models such as BicMix (Gao
et al., 2016), the ESP prior combines element-wise sparsity with explicit factor-level model selection,
enabling automatic determination of the number of active factors. This yields a clear distinction
between active and inactive factors while allowing the sparsity structure within active factors to be
learned from the data. Study-specific factor loadings are assigned similar priors, although with a
simpler and less restrictive sparsity formulation, while the corresponding study-specific factor scores
follow the standard factor analysis assumption of independent Gaussian distributions with zero mean
and unit variance. Consequently, biclustering is induced only in the common component, whereas
the study-specific component is primarily used to capture study-dependent heterogeneity.

Because MSFA decomposes variation into shared and study-specific components, it introduces
an additional source of unidentifiability beyond the classical rotational indeterminacy of factor mod-
els. In particular, these models may suffer from information switching, whereby shared structure
can be represented by study-specific factors and vice versa, leading to observationally indistinguish-
able parameterisations (Chandra et al., 2025; Bortolato and Canale, 2024). Addressing this issue
typically requires additional assumptions or constraints. For example, Chandra et al. (2025) achieve
identifiability by constraining study-specific factors to lie within the shared loading subspace, thereby
separating shared and study-specific covariance components. In a less restrictive approach, Bortolato
and Canale (2024) impose distinct activation patterns across studies, so that each factor is uniquely
determined by its study-specific support. We approach this problem differently and instead exploit the
sparse support patterns induced by the biclustering formulation. In particular, when a factor possesses
support that is not shared by any other common or study-specific factor, the corresponding factor can
be uniquely distinguished. This observation motivates a sufficient identification condition based on
unique factor support. Accordingly, we assess identifiability post hoc rather than enforcing it during
model fitting.

The rest of the paper is organised as follows. Section 2.4 explores biclustering with sparse factor
models and defines biclustering framework with the ESP prior. Section 2 extends this framework
to the multi-study factor regression setting. Identification is handled in Section 4.An efficient varia-
tional inference scheme is provided in Section 5. The model’s performance is illustrated on extensive
simulation studies in Section 6 and real data application in Section 7. Initialisations, hyperparameter
selection and the detailed steps of the variational algorithms as well as the identification procedure
are discussed in the Supplementary material. The paper concludes in Section 8.
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2 Multi-study factor regression biclustering

In this section, we introduce the proposed multi-study factor regression biclustering (MSFRB)
model. We begin with a review of sparse Bayesian factor analysis and then show how this framework
can be extended to accommodate multiple studies and observed covariates. Finally, we describe how
biclustering structure can be incorporated through sparsity priors on both factor loadings and factor
scores.

2.1 Sparse Bayesian Factor Analysis

The main purpose of factor analysis is to find a lower-dimensional representation of the data by
identifying latent factors that account for the observed variation. By leveraging sparsity-inducing pri-
ors, one can achieve automatic detection of the latent dimensionality, as well as a more interpretable
representation of the latent factors.

Suppose we have a basic factor model:

Y = ΛF + ϵ, (2.1)

where Y is a p×N matrix of observed values, with i = 1, . . . , p indexing variables and n = 1, . . . , N
indexing observations. Further, Λ is a p × H factor loading matrix and F is an H × N matrix of
latent factor scores, where fn denotes the nth column of F and contains the factor scores associated
with observation n. Finally, ϵ is a p×N matrix of idiosyncratic errors following a normal distribution
with variable-specific variances, ϵn ∼ Np(0,Ξ), where Ξ = diag(ξ21 , . . . , ξ

2
p). The model assumes

that the variability of the data can be described by H latent factors, with H ≪ p. In Bayesian factor
analysis, it is typically assumed that the latent factors are mutually uncorrelated and have isotropic
variance,, namely

fn ∼ NH(0, IH), fn ∈ RH (2.2)

and that fn, ft, ϵn and ϵt are pairwise independent for all n ̸= t. A common prior specification for
the factor loadings is Gaussian λih ∼ N (0, σ2ih), for i = 1, . . . , p and h = 1, . . . ,H .

Sparsity is typically induced by assigning suitable priors to the factor loadings, λih, or to their
variances, σ2ih. In the context of factor analysis, sparsity often refers to element-wise sparsity,
whereby the loadings associated with a particular factor h, represented by the column λh of the
loading matrix Λ, contain many zero or near-zero elements. In this case, only a subset of variables
contributes to a given factor, which facilitates interpretation of the latent structure. A related but
distinct notion is column-wise sparsity, which is closely linked to the automatic determination of the
latent dimensionality H . Under an overfitted or infinite factor model, column-wise sparsity implies
that only a subset of columns of Λ remain active, while the remaining columns are shrunk entirely to
zero. Consequently, the number of active columns determines the effective dimension of the factor
model.

There is a vast body of literature on sparse Bayesian factor analysis (SBFA) devoted to inducing
sparsity and automatically determining the number of latent factors. A common approach is to com-
bine element-wise and column-wise sparsity mechanisms, with the latter enabling automatic factor
selection through priors that increasingly penalize higher-dimensional models. Such priors are typi-
cally assigned to variances of factor loadings, with examples including multiplicative gamma process
priors (Bhattacharya and Dunson, 2011) and spike-and-slab formulations (Legramanti et al., 2020;
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Kowal and Canale, 2023; Frühwirth-Schnatter, 2023). Alternative approaches impose sparsity di-
rectly on the factor loadings rather than through their variances (see, e.g. Knowles and Ghahramani
(2011) and Ročková and George (2016) which employ Indian buffet process prior). Some mod-
els additionally incorporate global shrinkage parameters or hierarchical sparsity structures combining
global, column-wise and local shrinkage (Gao et al., 2013; Schiavon et al., 2022; Frühwirth-Schnatter
et al., 2025).

2.2 Extension to multi-study framework

As already mentioned in Section 1, molecular feature data are often measured across multiple
cohorts, laboratories, platforms, or populations. This results in separate datasets, each of which
may differ from the others in terms of the technology used, population characteristics, or laboratory
conditions. Throughout the paper, we assume that these datasets correspond to different studies,
indexed by s = 1, . . . , S. Each study may contain a different number of observations (samples),
denoted by Ns, but the same set of variables (features), indexed by i = 1, . . . , p, is measured in every
study. As illustrated in Figure 1, each dataset from study s has dimension p×Ns and stacked together
they form a data set p×N , where N = N1 + · · ·+NS .

Y1 Y2 · · · YS

p×N1 p×N2 p×NS

sa
m

e
p

va
ri

ab
le

s

study 1 study 2 study S

Y = [Y1,Y2, . . . ,YS ]

Figure 1: Multi-study data structure: the same set of p variables is measured across S studies, withNs samples
in study s.

To separate latent structure into components that are shared across studies and components that
are specific to individual studies, MSFA (De Vito et al., 2019, 2021) introduces two sets of latent
factors. Common latent factors, denoted by fns ∈ RH for n = 1, . . . , Ns and s = 1, . . . , S, capture
variation shared across all studies, whereH is the dimension of the common latent space. In addition,
study-specific latent factors, denoted by ηns ∈ RHs for n = 1, . . . , Ns and s = 1, . . . , S, capture
variation unique to study s, where Hs is the dimension of the correspondong latent space. Each
study is associated with its own loading matrix Λs ∈ Rp×Hs , which links the study-specific factors
to the observed variables. This decomposition allows information to be shared across studies through
the common factors while simultaneously accounting for study-specific heterogeneity through the
study-specific factors.

The resulting Bayesian MSFA model can then be written as (Liang et al., 2026):

yns = Λfns +Λsηns + ϵns, (2.3)
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where yns denotes sample n from study s. Since the model explicitly decomposes variation into
common and study-specific components, the idiosyncratic noise term is also allowed to vary across
studies. Specifically, ϵns ∼ Np(0,Ξs), where Ξs = diag(ξ21s, . . . , ξ

2
ps).

Let Fs ∈ RH×Ns denote the matrix of common factor scores for study s, whose columns corre-
spond to the vectors fns, n = 1, . . . , Ns. Similarly, let ηs ∈ RHs×Ns denote the matrix of study-
specific factor scores and ϵs ∈ Rp×Ns the matrix of idiosyncratic errors. The model can then be
written in matrix form as

[Y1,Y2, . . . ,YS ] = Λ [F1,F2, . . . ,FS ] + [Λ1η1,Λ2η2, . . . ,ΛSηS ] + [ϵ1, ϵ2, . . . , ϵS ] .

The above discussion provides only a brief overview of Bayesian multi-study factor models. For
a more comprehensive treatment, the reader is referred to De Vito et al. (2021), Hansen et al. (2025),
and Liang et al. (2026).

2.3 Multi-study factor regression

To account for the confounding effects of observed covariates, such as age or sex of the individuals
from whom the molecular samples were obtained, we include these variables as known regressors in
the model. This formulation, known as a factor regression model, was introduced in the Bayesian
factor analysis context by Lucas et al. (2006), further developed in Avalos-Pacheco et al. (2022), and
recently extended to the multi-study setting in De Vito and Avalos-Pacheco (2025).

Let pX denote the number of observed covariates. The multi-study factor regression model can
then be written as

yns = βXxns +Λfns +Λsηns + ϵns, (2.4)

where xns ∈ RpX denotes the covariate vector associated with sample n from study s, and
βX ∈ Rp×pX is the matrix of regression coefficients. The remaining quantities are defined as in the
multi-study factor model in Equation 2.3.

2.4 Biclustering through common factors

The multi-study factor regression model introduced above accounts for covariate effects and sepa-
rates shared and study-specific sources of variation. Our primary interest, however, lies in identifying
subsets of variables and observations that participate in the shared signal. To this end, we focus on
the sparsity of the common component ΛF and exploit the connection between sparse factor models
and biclustering. Biclustering is achieved by replacing the isotropic Gaussian prior in Equation (2.2)
with a sparsity-inducing prior on the factor scores, analogous to that used for the factor loadings (see,
for example, Hochreiter et al. (2010), Gao et al. (2016), Moran et al. (2021), and Wang and Stephens
(2021)). This mirrors the sparsity structure on both sides of the common signal, so that each factor is
active only for a subset of variables and a subset of observations. Consequently, each common factor
defines a bicluster, allowing simultaneous clustering of variables and observations. Since a variable
or observation may be active in multiple factors, the resulting biclusters are not required to be disjoint
and may overlap.

Various sparsity-inducing priors can be used to induce biclustering. While sparsity may be im-
posed directly on the factor loadings and factor scores (see, e.g., Moran et al., 2021), we instead adopt
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a variance decomposition approach in which the variances of the factor loadings and factor scores are
expressed as products of multiple sparsity components. These components correspond to different
levels of shrinkage and are each assigned their own sparsity-inducing prior. This approach is closely
related to the biclustering formulation of Gao et al. (2016), which also decomposes the variance into
multiple sparsity levels, although the latter adopts a hierarchical construction whereas we employ a
multiplicative formulation. More specifically,

λih|σ2ih ∼ N (0, σ2ih), σ2ih = f(κ, θh, ϕih), (2.5)

fhn|ω2
hn ∼ N (0, ω2

hn), ω2
hn = f(γ, υh, ζhn),

where κ and γ represent global shrinkage parameters, ϕih and ζhn control local (element-wise) spar-
sity, and θh and υh control sparsity at the latent factor level.

3 Biclustering with sparse exchangeable shrinkage process prior

3.1 Prior specification for global and local sparsity components

As discussed in Section 2.4, biclustering is achieved through sparsity in both the common factor
loadings and the common factor scores. We decompose their variances into global, factor-level and
local sparsity components:

λih | θh, ϕih, κΛ ∼ N (0, θhϕihκΛ), i = 1, . . . , p, h = 1, . . . ,H,

fhns | υh, ζhns, κF ∼ N (0, υhζhnsκF ), n = 1, . . . , Ns, s = 1, . . . , S, h = 1, . . . , H. (3.1)

Here, κΛ and κF control global shrinkage, ϕih and ζhns induce local (element-wise) sparsity
within the loadings and scores of factor h, and θh and υh govern factor-level sparsity by controlling
which latent factors remain active.

For the global and local sparsity components, we adopt inverse Gamma priors commonly used in
Bayesian factor analysis. To allow the degree of local sparsity to be learned from the data, each local
sparsity parameter is assigned its own hyperprior at the variable or observation level:

κΛ ∼ G−1(aκ, bκ), ϕih ∼ G−1(aϕ, βiϕ), βiϕ ∼ G(c, d),
κF ∼ G−1(cκ, dκ), ζhns ∼ G−1(aζ , βζns), βζns ∼ G(e, w).

3.2 Exchangeable shrinkage process prior

The factor-level sparsity parameters θh and υh, play a central role in the proposed formulation,
as they determine which latent factors remain active and which are shrunk towards zero. To model
these quantities, we employ the exchangeable shrinkage process (ESP) prior developed by Frühwirth-
Schnatter (2023). The ESP prior takes the form of a sequence of unordered spike-and-slab distribu-
tions and enables selection of the columns of the factor loading matrix (equivalently, the rows of the
factor score matrix) corresponding to active factors.

LetH denote the maximum possible number of active latent common factors. Then the ESP prior
is defined as follows. Assume τ = {τh ∈ (0, 1) : h = 1, . . . , H} to be a finite sequence of i.i.d.
random probabilities. Let Θ = {θh}, h = 1, . . . , H be a finite sequence of column-specific shrinkage
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parameters assumed to be independent conditional on τ and independent of all τl, l ̸= h for all h. If
the prior θh|τh takes the following spike-and-slab form:

θh|τh ∼ (1− τh)pspike(θh|φ0) + τhpslab(θh|φθ), (3.2)

where φ0 and φθ are the hyperparameters of the spike and the slab distributions, respectively, then Θ
follows an ESP prior. The prior is exchangeable in the sense that it is invariant to permutations of the
column indices h.

It is often assumed in the literature that the slab probabilities τ1, . . . , τH follow a beta distribution,
where the first parameter depends on H . Following Frühwirth-Schnatter (2023), we assign the slab
probabilities the prior

τh|H,α ∼ B
( α
H
, 1
)
, h = 1, . . . ,H. (3.3)

This corresponds to the finite Beta-process construction of Ročková and George (2016) and con-
verges to the Indian Buffet Process prior as H → ∞ (Teh, 2006). An important property of the
ESP prior is that it admits a finite generalised cumulative shrinkage process (CUSP) representation
(Frühwirth-Schnatter, 2023). CUSP was introduced by Legramanti et al. (2020) in the context of
sparse infinite factor models and provides a mechanism for automatic inference on the effective la-
tent dimensionality. In the context of our formulation, it is obtained by permuting the column index
h of the parameters θ1, . . . , θH according to the decreasing slab probabilities τ(1) > . . . > τ(H).
Increasing spike probabilities πh for h = 1, . . . ,H , as for a CUSP prior, are obtained by defining
πh = 1− τ(h). Representation (3.2) allows one to choose an upper limit for the number of factors, H ,
and keep it fixed throughout the entire inference procedure. By performing the classification between
spike and slab independently for each column, we end up with defining an effective number of active
factors H+, which is random a priori and a posteriori, and typically smaller than H .

The key properties of the ESP prior do not depend on the specific choice of the spike and slab
distributions. For computational convenience and to preserve conjugacy, we assume a hierarchical
structure with inverse Gamma distributions for both the spike and the slab, and Gamma hyperpriors on
their rate parameters. Finally, since the concentration parameter α plays a central role in determining
the allocation between spike and slab, we allow it to be learned from the data by assigning it a Gamma
prior α ∼ G(aα, bα).

Combining the variance decomposition introduced in Section 3.1 with the ESP prior yields the
following hierarchical prior for the common factor loadings:

λih | θh, ϕih, κΛ ∼ N (0, θhϕihκΛ), where i = 1, . . . , p, h = 1, . . . , H

θh | τh ∼ τhG−1(aΛ, bΛ) + (1− τh)G−1(aΛ0 , b
Λ
0 ), τh ∼ B

(αΛ

H
, 1
)
,

αΛ ∼ G(aΛα , bΛα), bΛ ∼ G(aΛ1 , bΛ1 ), bΛ0 ∼ G(aΛ2 , bΛ2 ), (3.4)

ϕih ∼ G−1(aϕ, βiϕ), βiϕ ∼ G(c, d).
κΛ ∼ G−1(aκ, bκ),

An analogous prior is assigned to the common factor scores:

fhns | υh, ζhns, κF ∼ N (0, υhζhnsκF ), where n = 1, . . . , Ns, s = 1, . . . , S, h = 1, . . . , H

υh |πh ∼ πhG−1(aF , bF ) + (1− πh)G−1(aF0 , b
F
0 ), πh ∼ B

(αF

H
, 1
)
,
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αF ∼ G(aFα , bFα ), bF ∼ G(aF1 , bF1 ), bF0 ∼ G(aF2 , bF2 ), (3.5)

ζhns ∼ G−1(aζ , βζns), βζns ∼ G(e, w),
κF ∼ G−1(cκ, dκ),

3.3 Prior specification for the study-specific signal

Since our primary interest lies in identifying biclusters in the common signal, we do not im-
pose sparsity on the study-specific factor scores and instead assign them a standard Gaussian prior
ηns ∼ N(0, IHs), which is a standard choice in BFA. For the study-specific factor loadings, we
again employ the ESP prior described in Section 3.2, but in a simplified form that omits the global
sparsity component. This choice reflects a trade-off between sparsity and flexibility: although some
degree of shrinkage is desirable, the study-specific loadings must remain sufficiently dense to cap-
ture technology-driven and batch-related variation. At the same time, automatic determination of the
effective study-specific dimensionality remains important, motivating the use of factor-level sparsity
through the ESP prior.

The prior on the study-specific factor loadings is given by:

λihs | θhs, ϕihs ∼ N (0, θhsϕihs), where i = 1, . . . , p, h = 1, . . . , Hs, s = 1, . . . , S,

θhs | τhs ∼ τhsG−1(aSΛ, b
S
Λ) + (1− τhs)G−1(aSΛ0 , bSΛ0 ), τhs ∼ B

(
αS
Λ

Hs
, 1

)
,

αS
Λ ∼ G(aSΛα , bSΛα ), bSΛ0 ∼ G(aSΛ2 , bSΛ2 ), bSΛ ∼ G(aSΛ1 , bSΛ1 ),

ϕihs ∼ G−1(aSϕ , β
S
ϕis), βSϕis ∼ G(cS , dS). (3.6)

Note that the column-specific variance parameters θhs, slab probabilities τhs and binary indicators
γhs are study-specific, whereas the corresponding hyperparameters are shared across studies. This
allows information to be borrowed across studies when determining the dimensionality of the study-
specific latent structure, while still permitting each study to have its own set of active factors. Similar
to the common factors, the number of active study-specific factors (assigned to the slab) is denoted
by H+

s .
The performance of the proposed model depends critically on the specification of the spike-and-

slab components. In particular, the spike distribution must exert substantially stronger shrinkage than
the slab distribution in order to achieve effective separation between active and inactive coefficients.
If the two components are insufficiently separated, factor selection becomes unstable and inactive
loadings may not be adequately shrunk towards zero. General intuition and practical guidance on
calibrating the spike and slab hyperparameters in the ESP framework are provided by Grushanina
and Frühwirth-Schnatter (2025).

The relative amount of shrinkage imposed on the common and study-specific latent components
also requires careful calibration. Since the primary objective of the model is to recover the shared
latent structure, the common component is assigned less aggressive factor-level shrinkage. In con-
trast, stronger shrinkage is imposed on the study-specific factor-level sparsity parameters, resulting
in more conservative activation of study-specific factors. This reduces the tendency of study-specific
factors to absorb variation that is shared across studies and helps mitigate the information-switching
phenomenon discussed in Section 4. The final hyperparameter values were selected empirically based
on extensive simulation experiments and are reported in Section B.2 of the Supplementary Material.
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3.4 Priors for other parameters

The regression coefficients are assigned independent Gaussian priors βXil ∼ N(0, qil), where
i = 1, . . . , p and l = 1, . . . , pX denote the variable and covariate indices, respectively.

Finally, we assume a diagonal covariance matrix for the idiosyncratic errors within each study:

ξ2is ∼ G−1(aξ, bξis), bξis ∼ G(ag, bgis).

The rate hyperparameters bgis are assigned the data-driven values 100/R2
is, whereRis is the range

of the data in dimension i and study s (see, for example, Frühwirth-Schnatter (2006) for the reasoning
behind this choice).

4 Identification

In factor analysis, identifiability refers to the ability to uniquely recover the latent factors and
their loadings from the observed data. Classical factor models are not identifiable because different
rotations of the latent factor space yield observationally equivalent representations with identical co-
variance structure (Anderson and Rubin (1956), Lopes and West (2004), Frühwirth-Schnatter et al.
(2024), among many others). In multi-study factor models, this issue is further complicated by in-
formation switching, whereby signal can be equivalently represented by either shared (common) or
study-specific latent factors (De Vito et al., 2019; Chandra et al., 2025; Bortolato and Canale, 2024).
In this section, we discuss these sources of non-identifiability and their implications for the MSFRB
model.

4.1 Rotational indeterminacy

The rotational invariance problem inherent in factor models arises from the fact that the decom-
position of the covariance structure is invariant under orthogonal transformations of the latent space.
In particular, the decomposition Ω = ΛΛ⊤+ΛsΛ

⊤
s +Ξ will also hold for any semi-orthogonal ma-

trices P (PP⊤ = I), Ps (PsP
⊤
s = I), and Θ = ΛP, gns = P⊤fns, Θs = ΛsPs, vns = P⊤

s ηns, in
which case the two models

yns = Λfns +Λsηns + ϵns and yns = Θgns +Θsvns + ϵns

are observationally equivalent. This problem can either be addressed a priori via imposing restrictions
on the elements of Λ and Λs (see, for example, Lopes and West (2004) and Carvalho et al. (2008)),
or a posteriori by using some type of orthogonalisation procedure, such as Procrustes or Varimax
rotation (Kaiser, 1958; Poworoznek et al., 2021; McParland et al., 2014).

Let us first consider the product of the common factor loadings and factor scores, ΛF, where
biclustering occurs. Both matrices are endowed with sparse structure through the sparse ESP prior,
which imposes sparsity via coordinate-specific column-selection and element-wise shrinkage param-
eters for both factor loadings and scores. As argued in Moran et al. (2021), generic rotations typically
mix coordinates, spreading signal across multiple columns and entries, and thereby destroying the
axis-aligned sparse structure favoured by the prior. Consequently, while the likelihood remains ro-
tationally invariant, the posterior is not. Rotational indeterminacy is therefore substantially reduced,
leaving only trivial ambiguities such as sign switches and permutations. A more detailed discussion
of this phenomenon can be found in Moran et al. (2021) and Rohe and Zeng (2023). We therefore rely
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on the sparsity-inducing priors to obtain effectively identifiable solutions. In Section 4.4, we further
introduce a sufficient condition based on unique support that can be used to assess factor identification
in practice.

It should be noted that this argument pertains only to the common factors and their loadings.
Study-specific factors are expected to be less sparse, as they might capture effects inherent to an
individual study, and are therefore more susceptible to rotational ambiguity. However, since the
primary focus of this work is on the common factors, addressing the rotational indeterminacy of
study-specific components lies beyond the scope of this paper.

4.2 Scaling

While sparsity-inducing priors substantially reduce rotational indeterminacy, another source of
non-identifiability remains. When the product ΛF is estimated, the columns of the factor loadings
and scores are estimated only up to scaling. This means that λ⊤

h fh is equivalent to (λhc
−1
h )⊤chfh

for any constant ch ∈ R. In biclustering, the primary objective is to identify the nonzero elements
of the matrices Λ and F, as these determine the subsets of features and samples that co-vary, rather
than to estimate their exact magnitudes. Since the scale of these values is not of direct interest, we
follow Moran et al. (2021) and rescale Λ and F at each iteration of the VI algorithm so that the
corresponding columns have equal norms. More specifically,

ch =

√
∥λh∥2
∥fh∥2

, λh ←
1

ch
λh, fh ← chfh.

Rescaling also improves numerical stability and leads to faster convergence by eliminating drift along
scale-equivalent representations and improving the conditioning of the variational updates.

4.3 Information switching

Information switching arises because variation that is shared across studies can often be repre-
sented either through common factors or through a combination of study-specific factors, leading to
multiple observationally equivalent decompositions. In the existing literature on MSFA models, infor-
mation switching has been addressed differently, depending on the nature and purpose of the model.
In the frequentist MSFA framework, De Vito et al. (2019) address information switching by identify-
ing common and study-specific factors with distinct linear subspaces. Thus, the common factors are
defined as the intersection of the study-specific covariance subspaces, while the study-specific fac-
tors are defined as their complements. This requires a condition that the concatenated loading matrix
L = [Λ,Λ1, . . . ,ΛS ] has a full column rank r(L) = H+ +

∑S
s=1H

+
s , with H+ +

∑S
s=1H

+
s ≤ p,

which can be rather restrictive in some settings. In the Bayesian framework, De Vito et al. (2021) do
not explicitly impose any constraints to prevent information switching between common and study-
specific factors. Instead, they rely on sparsity-inducing shrinkage priors to encourage, though not
guarantee, their practical separation. As they demonstrate in the discussion section, this can fail in
the case of only partially shared common factors.

In subsequent years, several approaches have been proposed in the literature to address informa-
tion switching. Roy et al. (2021) address this issue by replacing the additive MSFA decomposition
with a perturbation-based model, in which a single common factor structure is assumed and group
differences are captured through multiplicative perturbation matrices, thereby avoiding information
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switching inherent in the additive structure. Unlike Roy et al. (2021), Grabski et al. (2023) do not
depart from the additive MSFA formulation, but generalise the common-versus-study-specific de-
composition by introducing a latent indicator matrix that allows factors to be shared across arbitrary
subsets of studies. While their primary objective is not to address information switching, the resulting
framework moves beyond the strict common-versus-study-specific dichotomy and treats the factor-
sharing structure itself as an inferential target. Chandra et al. (2025) address information switching by
constraining study-specific factors to lie within the subspace spanned by the common factors, effec-
tively modelling them as structured perturbations of the shared component and thus ensuring a unique
decomposition. While this prevents information switching by model design, it can be too restrictive
in case of the data showing substantial heterogeneity across studies. Finally, Bortolato and Canale
(2024) introduce a flexible approach in which the model learns factor activation patterns from the data
at the observation level. This produces a matrix of 0/1 activation indicators for individual observa-
tions, allowing factors to be shared across arbitrary subsets of observations and studies. Because these
activation patterns are identifiable under mild conditions, they provide an anchoring mechanism for
the latent factors and thereby prevent the factor-allocation ambiguities associated with information
switching.

While Bortolato and Canale (2024) achieve identifiability through sparse observation-level acti-
vation patterns, our setting is fundamentally different because factors are represented by biclusters,
with sparsity induced simultaneously in the factor loading and score matrices. Consequently, the
relevant support structure is no longer a one-dimensional activation pattern across samples, but a two-
dimensional feature-sample support. This motivates an identification condition based on bicluster
support rather than sample-level activation patterns.

4.4 Identification based on unique support

Motivated by the idea in Bortolato and Canale (2024) of using factor activation patterns for iden-
tification, we propose a sufficient identification condition tailored to the biclustering structure of the
MSFRB model. In particular, the combination of element-wise sparsity in both the common fac-
tor loadings and scores, together with sparse loadings in the study-specific components, implies that
non-identifiability due to information switching is highly unlikely in sufficiently sparse settings, as
overlapping representations of the same signal would require substantial coincidence of supports
across multiple components.

Building on this idea, we propose a post hoc identification strategy that exploits this double spar-
sity by recovering factor supports from posterior summaries and assessing their uniqueness. Unlike
APAFA, where identification is based on observation-level activation patterns, identification in the
MSFRB model cannot generally be determined from the sample support alone. A common factor
contributes to the observed data through the product of its loadings and scores, so both the features
and the samples on which the factor is active determine its support. Consequently, the natural object
for identification is the joint feature-sample support of the factor, rather than either support consid-
ered separately. More specifically, for each active factor, we construct its support over features and
samples and define its unique support as the subset of entries not shared with any other factor. A
factor is deemed identified if it has at least one element in its support that is unique. This is a suffi-
cient condition to rule out information switching and provides a simple and interpretable diagnostic
for assessing identification in practice. Below, we formulate this idea more formally.
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Proposition 1. Consider the common component of the MSFRB model:

Y(c) =

H+∑
h=1

λhf
⊤
h ,

where λh ∈ Rp is the hth column of the common loading matrix and fh ∈ RN is the corresponding
common factor score vector. Here N =

∑S
s=1Ns denotes the total number of observations across

all studies. For each active common factor h, define its feature support and sample support as

Gh = {i ∈ {1, . . . , p} : λih ̸= 0}
Th = {n ∈ {1, . . . , N} : fhn ̸= 0},

and let its total support be

Bh = Gh × Th ⊆ {1, . . . , p} × {1, . . . , N}.

Similarly, for each active study-specific factor r in study s, let

Gs
r = {i ∈ {1, . . . , p} : λsir ̸= 0}, T s

r = Is

where Is is by the model design the set of all samples belonging to study s. Define the total study-
specific factor support as

Bs
r = Gs

r × Is.

For common factor h, compute its unique support as

Uh = Bh \

⋃
l ̸=h

Bl ∪
S⋃

s=1

H+
s⋃

r=1

Bs
r

 .

Then if Uh ̸= ∅, the hth common factor is identified with respect to information switching, in the
sense that its contribution cannot be reproduced or absorbed by the remaining common factors or by
any study-specific factor.

Proof. Take (i, n) ∈ Uh. By construction, (i, n) ∈ Bh, therefore both λih ̸= 0 and fhn ̸= 0, so
factor h contributes nontrivially to the data entry (i, n). Since (i, n) ∈ Uh, we have (i, n) /∈ Bl for
all l ̸= h and (i, n) /∈ Bs

r for all study-specific factors r and studies s. Therefore no other common or
study-specific factor is active at (i, n). It follows that the signal at entry (i, n) is generated exclusively
by factor h. Consequently, the contribution of factor h at (i, n) cannot be reproduced or absorbed by
any other common or study-specific factor, since none of these components has support at (i, n).
Therefore no observationally equivalent decomposition can reallocate the contribution of factor h to
the remaining factors. Hence factor h is identified with respect to information switching.

Remark 1. The uniqueness condition also explains why nontrivial rotations are incompatible with
the recovered sparse support structure. Algebraically, the common component remains invariant un-
der rotations of the latent factors. However, a nontrivial rotation mixes the original factor loadings
and scores, thereby spreading signal across multiple factors. If (i, n) belongs to the unique support
of factor h, this entry is generated exclusively by factor h in the sparse representation. A rotation
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that mixes factor h with other factors would generally make additional rotated factors active at this
entry, destroying the uniqueness of the support. Thus, unique support acts as an anchor for a partic-
ular sparse representation of the common component, leaving only transformations that preserve the
support structure, such as sign changes and column permutations.

The details of the post hoc identification algorithm are described in the Supplementary Material,
Section C.1.

5 Variational inference for multi-study factor regression biclustering

Let φ denote the collection of all unknown model parameters and latent variables. The goal of
variational inference is to approximate the posterior distribution p(φ|Y ) with some density q∗(φ) in
a class Q. The optimal variational density q∗(φ) is defined as the closest to the posterior p(φ|Y ) in
Kullback-Leibler (KL) divergence, i.e. which satisfies the following expression:

argmin
q(φ)∈Q

{KL(q(φ) ∥ p(φ|Y ))} = argmin
q(φ)∈Q

{∫
Φ
q(φ)log

q(φ)

p(φ|Y )
dφ

}
This is equivalent to maximization of the evidence lower bound (ELBO):

argmax
q(φ)∈Q

{ELBO(q(φ))} = argmax
q(φ)∈Q

{
Eq(φ) [log p(φ,Y )]− Eq(φ) [log q(φ)]

}
, (5.1)

where all the expectations are taken with respect to q(φ) and p(φ,Y ) is the joint distribution of
the data and model parameters, that factorises into the composition of the likelihood and prior(s)
p(φ,Y ) = p(Y |φ)p(φ).

5.1 Mean-field variational inference

A common approach to selectQ is to use a mean-field variational family that assumes a partition
of parameters into independent blocks and approximates the posterior with a product of independent
densities QMF = {q : q(φ) =

∏M
m=1 q(φm)}. The independent densities q(φm) are referred to as

variational factors. The optimal variational factors q∗(φm) can be obtained from:

q∗m(φm) ∝ exp
(
Eq(φ−m)[log p(φm|φ−m,Y )]

)
, (5.2)

where φ−m = (φ1, . . . ,φm−1,φm+1, . . . ,φM ) is the vector of parameters excluding the mth one
(Bishop (2006), chapter 10).

When the conditional distribution p(φm|φ−m,Y ) is of the exponential family, the corresponding
optimal variational factors also belong to the same exponential family. Thus, the maximisation prob-
lem in equation (5.1) is reduced to learning the optimal variational factors q∗m(φm). Choosing QMF

and the prior in such a way that ensures conjugacy enables the development of a coordinate-ascent
variational inference (CAVI) algorithm, which learns the optimal variational factors by iteratively
updating them according to equation (5.2) until convergence is reached (Bishop (2006), chapter 10).

To implement CAVI for MSFRB as described above, we assume a mean field variational approx-
imation where variational distributions of our parameters are independent:

q(φ) = q(F ,Λ,η,Λs,β
X ,Ξs, bg,Θ, τ , r,Θs, τs, rs,Υ,π, z,Φ, bϕ,Φs, bϕs, ζ, bζ ,
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αΛ, α
S
Λ, αF , bΛ, b

Λ
0 , bF , b

F
0 , b

S
Λ, b

SΛ
0 , κΛ, κF ) =

= q(αΛ)q(α
S
Λ)q(αF )q(bΛ)q(b

Λ
0 )q(b

S
Λ)q(b

SΛ
0 )q(bF )q(b

F
0 )q(κΛ)q(κF )×[

p∏
i=1

q(βX
i )qH(λi)q(biϕ)

H∏
h=1

q(ϕih)

]
×[

p∏
i=1

S∏
s=1

q(bgis)q(ξ
2
is)qHs(λis)q(bϕis)

H∏
h=1

q(ϕihs)

]
×[

H∏
h=1

q(rh)q(τh)q(θh)q(zh)q(πh)q(υh)

]
×

S∏
s=1

[[
Hs∏
n=1

q(rhs)q(τhs)q(θhs)

][
Ns∏
n=1

qHs(ηns)qH(fns)q(βζns)

H∏
h=1

q(ζhns)

]]

5.2 Variational inference for the ESP prior

While for many of the model’s parameters mean field variational inference is rather standard, this
is not the case for the parameters involved in the ESP prior. According to our knowledge, variational
inference for the ESP prior has not been described before and involves certain particularities. In this
section, we describe variational inference for the general ESP prior on latent factor loadings in a
basic factor model as in equation (2.1). This can be easily extended to the sparse ESP priors in the
MSFRB model as described in Section 3. The variational update steps for the sparse ESP priors on
the common factor loadings and scores, as well as on the study-specific factor loadings, are presented
in detail in Algorithm A.1 in the Supplementary Material.

Using auxiliary indicator γh, for a basic factor model as in equation (2.1), the ESP prior on the
column variance parameter of factor loadings can be formulated as follows:

λih|θh ∼ N (0, θh), i = 1, . . . , p, h = 1, . . . , H,

θh|γh = 1 ∼ G−1(aΛ, bΛ), θh|γh = 0 ∼ G−1(a0, b0),

γh ∼ Ber(τh), τh ∼ B(
α

H
, 1). (5.3)

For simplicity, we assume that aΛ, bΛ, a0, b0, and α are fixed hyperparameters. Extending the algo-
rithm to infer these quantities is straightforward through standard conjugate variational updates.

Then the mean-field variational family takes the form:

q(−) =
H∏

h=1

[
q(γh)q(τh)q(θh|γh)

p∏
i=1

q(λih)

]
(5.4)

We choose the following variational distribution for conjugacy: q(γh) = Ber(rh), q(τh) =
B(âτh , b̂τh), q(θh|γh = 1) = G−1(âθhslab, b̂θhslab), q(θh|γh = 0) = G−1(âθhspike, b̂θhspike), q(λi) =
NH(µλ

i ,Σ
λ
i ). The algorithm below illustrates variational updates for the respective parameters.

1. For h = 1, . . . , H update θh|γh from G−1(âθh , b̂θh) using

for γh = 1
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âθhslab = aΛ + p
2

b̂θhslab = bΛ + 1
2

∑p
i=1 E(λ2ih)

for γh = 0

âθhslab = a0 +
p
2

b̂θhslab = b0 +
1
2

∑p
i=1 E(λ2ih)

where Eλ2ih =
[
µλih
]2

+Σλ
i[h,h] with h and [h, h] indicating the hth element of the mean vector

µλ
i and the [h, h]th element of the covariance matrix ΣΛ

i , correspondingly.

2. For h = 1, . . . , H update the responsibilities rh in the following way:

sh slab = E log τh + aΛ log bΛ − log Γ(aΛ)− (aΛ +
p

2
+ 1)Eslab log θh − Eslab

(
1

θh

)(
bΛ +

1

2

p∑
i=1

E(λ2ih)

)

sh spike = E log(1− τh) + a0 log b0 − log Γ(a0)− (a0 +
p

2
+ 1)Espike log θh − Espike

(
1

θh

)(
b0 +

1

2

p∑
i=1

E(λ2ih)

)

where

Eλ2ih =
[
µλih
]2

+Σλ
i[h,h],

E log τh = ψ(âτh)− ψ(âτh + b̂τh),

E log(1− τh) = ψ(b̂τh)− ψ(âτh + b̂τh),

E( 1
θh
) =

âθh
b̂θh

,

E log θh = ln(b̂θh)− ψ(âθh),

where ψ(·) is a digamma function.

Calculate responsibility (probability that factor h is active) as

rh =
exp(sh slab)

exp(sh slab) + exp(sh spike)

As probabilities of a factor being active or inactive can take very small or very large values,
which can lead to ”Inf” or ”NaN” values in the algorithm, for the sake of numerical stability
we recommend to use the log-sum-exp trick, which leads to the following representation of rh:

rh =
1

1 + exp(sh spike − sh slab)
.

3. For h = 1, . . . , H update τh from B(âτh , b̂τh) using

âτh = α
H + rh

b̂τh = 1 + (1− rh) = 2− rh
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4. For i = 1, . . . , p update λ⊤
i from NH(µλ

i ,Σ
λ
i ) using

Σλ
i =

(
Ψ−1 + E

(
1

ξ2i

) N∑
n=1

E(fnf⊤
n )

)−1

where

Ψ−1 = diag
(
E
(

1
θ1

)
, . . . ,E

(
1
θH

))
,

E( 1
θh
) = rh

âθhslab

b̂θhslab
+ (1− rh)

âθhspike

b̂θhspike
, h = 1, . . . , H ,

E(fnf⊤
n ) = µf

n

[
µf
n

]⊤
+Σf

n,

E
(

1
ξ2i

)
=

âξ

b̂ξi
,

µλ
i = Σλ

i E
(

1

ξ2i

)(
µf
1 , . . . ,µ

f
N

)
y⊤
i .

5.3 CAVI algorithm for MSFRB model

The sparse ESP prior used in the biclustering algorithm is more elaborate than in Section 5.2 as in
addition to the column shrinkage parameter, the variances of λih, fhn and λihs also include additional
sparsity parameters. Moreover, the rate parameters of the spike and slab inverse gamma distributions,
namely bF0 and bF in case of common factors, bΛ0 and bΛ in case of common factor loadings, and bSΛ0
and bSΛ in case of study-specific factor loadings are assigned hyperpriors. Finally, the concentration
parameters of the beta distribution of slab probabilities αλ, αF and αS

λ are also learned from data
(see equations 3.4, 3.5) and 3.6 for the full prior formulations). However, for prior choices that
ensure conjugacy, these changes are easy to implement with standard enhancements of the algorithm
presented in the previous section. For the inference on the spike-and-slab part of the ESP prior on all
three variables λih, fhn and λihs, we utilize the same data augmentation scheme as in equation 5.3:
γh = 1 if the hth column of the common factor loading matrix Λ is active and γh = 0 otherwise;
νh = 1 if the hth row of the common factor score matrix F is active and νh = 0 otherwise; and
γhs = 1 if the hth column of the study s factor loading matrix Λs is active and γhs = 0 otherwise.
The full details of the CAVI algorithm for the MSFRB model are presented in Algorithm A.1 in the
Supplementary Material.

5.4 Stochastic variational inference

Molecular profiling data can occasionally be high dimensional not only in p but also in Ns, in
which case the CAVI algorithm might be relatively slow. To overcome this bottleneck, we employ
stochastic variational inference (SVI) method (Hoffman et al., 2013), which deals with high dimen-
sionality by updating local parameters (those parameters which updates scale with Ns e.g. subject-
specific or common factor scores for n = 1, . . . , Ns) for only a subset of theNs observations and then
uses this subset to approximate the remaining parameters common for all individuals n = 1, . . . , Ns

and s = 1, . . . , S. This is done in the following way.
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First, a batch proportion parameter b ∈ (0, 1) needs to be selected, then a random sample of data
in the size of Ñs = b×Ns is drawn at each iteration of the algorithm. So, at each iteration a p× Ñs

subset of yns will be taken, with randomly chosen Ñs out of Ns columns. SVI will proceed updating
the local parameters ηns, fns, ζhns and βnsζ from this subset.

At the next step, the local parameters updated from this batch are used for updating the global
parameters (βX

i , ξ2is, λi, λis, υh, zh and κF ). For this purpose, to ensure the stable performance and
convergence, the algorithm is reformulated as a gradient-based optimization algorithm for the global
parameters. Thus, the derivative of the ELBO with respect to natural parameters takes the following
form:

∇ELBO(q(φg)) = Eq(φ−g) [η(Y ,φ)]− ϑg, (5.5)

where φ denotes the collection of model parameters and latent variables, and ϑg denotes the varia-
tional parameters associated with the gth variational factor. Setting the gradient in equation (5.5) to
0, we get ϑg = Eq(φ−g) [η(Y ,φ)].

The expectation of the likelihood is estimated with the weight ofNs/Ñs assigned to each individ-
ual observation. At each iteration of the algorithm the global parameters are estimated as a weighted
average of the global parameters updated at the current and previous iterations:

ϑg(t) = (1− ρt)ϑg(t− 1) + ρtϑ̂g(t),

where ρt is a step size parameter such that
∑

t ρt → ∞ and
∑

t ρ
2
t < ∞ and ϑg denotes the natural

variational parameters associated with the gth global variational factor, with g = 1, . . . , G (in our case
G = 7 and the set of global variational factors corresponds to the model parameters {βX

i , ξ2is, λi, λis,
υh, zh,κF }). The choice of ρt is rather influential as it can impact the convergence of the algorithm.
A typical choice, suggested in Hoffman et al. (2013) is to set ρt = (t+ τρ)−κρ

, where κρ ∈ (0.5, 1] is
the forgetting rate that controls how quickly the variational parameters change across iterations, and
τρ > 0 is the delay, which downweights early iterations. The details of the SVI algorithm for the
MSFRB model are presented in Section A.2 in the Supplementary Material.

6 Simulation Studies

To assess the performance of the proposed MSFRB model, we conducted two simulation studies.
The first study is designed to provide an illustrative example of the model behaviour. The common
factor loadings and factor scores are generated to produce visible block patterns both in the latent
structure and in the observed data matrix. We consider both sparse and dense common factors and
assess the ability of the model to recover the underlying parameters and correctly distinguish between
these two different types of factors. The second simulation study investigates the performance of
the MSFRB model across a range of various dimensional settings. In particular, we consider the
following combinations of the number of features and sample sizes: p ∈ {100, 500, 1000} and Ns ∈
{100, 300, 500}, while fixing the number of studies at S = 4. To assess the effect of the number
of studies separately, we additionally perform a sensitivity analysis with S ∈ {4, 8} for a fixed
moderate-dimensional setting.

We compare the performance of the proposed MSFRB model with four competing methods com-
monly used for the analysis of molecular profiling data. The first comparator is the Bayesian multi-
study factor analysis (MSFA) model of De Vito et al. (2021); Hansen et al. (2025). Like MSFRB,
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this model explicitly accounts for the multi-study structure of the data by decomposing variation into
common and study-specific latent factors. However, it does not perform biclustering, as sparsity is
imposed only on the factor loadings, whereas the latent factors are assigned standard Gaussian priors
with unit variance. Consequently, the model is able to identify sparse groups of variables associated
with a factor, but not sparse groups of observations. We fit the model using the variational inference
implementation provided by Hansen et al. (2025)1.

The remaining three competing methods provide biclustering of factor loadings and scores, but
do not explicitly account for the multi-study structure of the data. The first is empirical Bayes matrix
factorisation (EBMF) (Wang and Stephens, 2021), which is fitted using the R package flashier
and employs an efficient variational inference algorithm. The second is the Bayesian biclustering
model of Gao et al. (2016), fitted using the R package BicMix, which combines variational infer-
ence with expectation-maximisation updates. Finally, we consider spike-and-slab lasso biclustering
(SSLB) (Moran et al., 2021), fitted using the SSLB R package, which implements a fast expectation-
maximisation algorithm with variational updates.

To compare the recovered matrices with their true (simulated) values, we use two complementary
metrics. The first is the relative Frobenius distance, which quantifies the reconstruction error relative
to the overall signal strength. It measures how far the estimated matrix is from the true matrix after
accounting for the overall magnitude of the signal. The relative Frobenius distance between two
matrices A and B is calculated as

∥A−B∥F
∥A∥F

,

where

∥A−B∥F =

√√√√√
 m∑

i=1

n∑
j=1

(Aij −Bij)2

.
Smaller values indicate better recovery, with a value of zero corresponding to perfect reconstruction.

The second metric is the RV coefficient (Abdi, 2007), which measures the similarity between
two matrices in terms of their underlying structure. For two matrices A and B, the RV coefficient is
defined as

RV(A,B) =
tr
(
AA⊤BB⊤)√

tr (AA⊤AA⊤) tr (BB⊤BB⊤)
.

The RV coefficient takes values in (0, 1), with values close to 0 indicating low structural similarity
and values close to 1 indicating highly similar matrices.

The variational inference implementation of MSFA provided by Hansen et al. (2025) performs
best when the data are centred and standardised prior to model fitting. Therefore, each study-specific
data matrix is normalised before applying this method. To ensure comparability with the other ap-
proaches, the fitted values are transformed back to the original measurement scale using the corre-
sponding study-specific means and standard deviations before computing reconstruction errors. All
reported performance metrics are therefore evaluated on the original data scale. Unlike the biclus-
tering methods considered here, MSFA imposes sparsity only on the factor loadings and therefore

1Other Bayesian multi-study factor analysis models suitable for molecular profiling data, such as Chandra et al. (2025)
and Bortolato and Canale (2024), have also been proposed. However, these approaches are primarily aimed at covariance
estimation and rely on MCMC-based inference, which can be prohibitively slow in the high-dimensional settings considered
in this work.
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remains susceptible to rotational indeterminacy. Consequently, direct comparison of the estimated
factor loadings and factor scores with their simulated values is not meaningful. To avoid identifiabil-
ity issues and ensure a fair comparison across methods, we evaluate recovery of the common latent
structure through the product ΛF , which is invariant to orthogonal rotations of the latent factors.

The remaining biclustering methods (EBMF, BicMix and SSLB) are applied directly to the pooled
data matrix without additional preprocessing. Preliminary experiments based on residualising covari-
ate and study effects prior to model fitting generally led to poorer recovery of the latent structure,
suggesting that such preprocessing may remove part of the signal of interest. We therefore report
results obtained from the original simulated data.

For the BicMix model of Gao et al. (2016), implemented in the BicMix R package, the estimated
biclustering component Λ̂F̂ is reconstructed using the subset of latent factors that exhibit sparsity in
both the loading and factor-score directions. BicMix provides posterior inclusion probabilities for the
loading and score components of each factor. We classify a component as sparse if both the loading
and score inclusion probabilities exceed a predefined threshold (we set it to 0.5), and construct the
estimated common component as the product of the corresponding loading and factor matrices. This
ensures that only factors exhibiting simultaneous sparsity across features and samples contribute to
the reconstructed biclustering structure.

Data reconstruction accuracy was evaluated on the original data scale. All reported reconstruction
errors were computed by comparing the estimated and true data matrices expressed on this scale.

6.1 Simulation study 1: Block-structured common factors and loadings

6.1.1 Reconstruction of data Y

The goal of this simulation study is to demonstrate that the proposed model is able to recover
complex sparse structure present in the data. For this, we create a data matrix with visible block
structure in the following way. We generate data coming from S = 3 studies, with p = 60 features
and Ns = 100 samples per study, thus making N = 300 total samples in the dataset. We consider
three active common factors and two active study-specific factors in each study. Study-specific factors
are generated as η⊤

ns ∼ N2(0, I2) for n = 1, . . . , Ns and s = 1, . . . , S, while study-specific factors
loadings are generated as λihs ∼ N (0, 0.352) for all i, s, and h = 1, 2 denoting the number of active
factors.

To create clearly visible sparse block structure in the data matrix, the nonzero values of common
factor loadings and factors are generated in the following way:

λi1 ∼ N (0, 42), i = 1, . . . , 24,

λi2 ∼ N (0, 42), i = 21, . . . , 42,

λi3 ∼ N (0, 42), i = 39, . . . , 60,

f1n ∼ N (0, 42), n ∈ {6, . . . , 28} ∪ {114, . . . , 132} ∪ {201, . . . , 225},
f2n ∼ N (0, 42), n ∈ {37, . . . , 63} ∪ {131, . . . , 161} ∪ {245, . . . , 263},
f3n ∼ N (0, 42), n ∈ {72, . . . , 94} ∪ {176, . . . , 196} ∪ {265, . . . , 289},

while other values are set to 0. In addition, small independent Gaussian perturbations are added to all
entries, with

λih ← λih + εih, εih ∼ N (0, 0.152)
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Model Relative Frobenius distance RV coefficient

d(Y1, Ŷ1) d(Y2, Ŷ2) d(Y3, Ŷ3) RV
Y1,Ŷ1

RV
Y2,Ŷ2

RV
Y3,Ŷ3

MSFRB 0.059 (0.005) 0.066 (0.006) 0.064 (0.007) 0.9999 0.9999 0.9999
MSFA 0.064 (0.005) 0.074 (0.010) 0.068 (0.007) 0.9995 0.9993 0.9996
EBMF 0.062 (0.007) 0.071 (0.008) 0.068 (0.010) 0.9999 0.9999 0.9999
BicMix 0.083 (0.009) 0.096 (0.012) 0.091 (0.013) 0.9994 0.9993 0.9994
SSLB 0.278 (0.048) 0.321 (0.054) 0.293 (0.054) 0.9975 0.9975 0.9962

Table 1: Relative Frobenius distances and RV coefficients between the observed data Ys and fitted values Ŷs

for each study. Relative Frobenius distances are reported as mean (standard deviation) across ten replicates,
and smaller values indicate better reconstruction. RV coefficients are reported as mean values, with values
closer to 1 indicating better agreement. The best values in each column are highlighted in bold.

fhn ← fhn + εhn, εhn ∼ N (0, 0.12)

We generate a single binary covariate representing biological sex of an individual from which the
sample is taken, and it is randomly assigned to each sample in each study as a binomial distributed
variable with study-specific probabilities of being male equal to P (male) = (0.55, 0.45, 0.60). The
regression coefficients βXi are generated from N (0, 0.62) for all i. Finally, the idyiosyncratic vari-
ances are simulated as ξ2is ∼ G−1(100, 30) for all i and s. This ensures that the noise is small enough
not to mask the block structure of the data matrix induced by the common factors and their loadings.

Then, for each study s and sample n, the data is drawn from:

yns ∼ Np

(
βXxns +Λfns +Λsηns, Ξs

)
.

with Ξs = diag(ξ21s, . . . , ξ
2
ps).

We set the maximum possible number of active common factors as H = 20 and study-specific
factors as Hs = 10. Hyperparameters and initial values are set as described in Section B.1 of the
Supplementary Material. The estimated data matrix is calculated as follows:

Ŷs = E[β̂X ]Xs + E[Λ̂]E[F̂s] + E[Λ̂s]E[η̂s].

We simulate the data matrix ten times with different seeds. Across all ten simulation replicates,
the model correctly recovered the three active common factors. Moreover, all recovered common
factors satisfied the unique-support identification criterion described in Section 4.4. Figure 2 presents
the heatmap of the mean of the simulated true (a) and the estimated (b) data matrices for each of the
three studies.
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(a) Heatmap of the mean across ten simulated data matrices Y1,Y2,Y3

(b) Heatmap of the mean across ten estimated by MSFRB data matrices Ŷ1, Ŷ2, Ŷ3

Figure 2: Comparison of the heatmaps of the simulated and estimated by the MDFRB model data matrices.
Color scales are truncated at the 99th percentile to improve visual contrast.

22



Figure 3: Comparison of the data reconstruction accuracy across methods and studies based on ten simulation
replicates. Panel (a) displays boxplots of the relative Frobenius distance between the observed data Ys and
the reconstructed matrices Ŷs, with points indicating the mean values. Smaller values correspond to better
reconstruction accuracy. Panel (b) shows the quantity 1 − RV, where RV denotes the RV coefficient between
Ys and Ŷs. Values closer to zero indicate better agreement between the observed and reconstructed data.
Results are presented separately for each study.

As illustrated in Table 1 and Figure 3, MSFRB achieves the lowest reconstruction errors overall,
although the differences relative to MSFA, EBMF and BicMix are modest. All four methods provide
highly accurate reconstructions of the observed data, with relative Frobenius distances below 0.1
and RV coefficients close to one across all studies. In contrast, SSLB exhibits substantially larger
reconstruction errors. This is likely due to its strong sparsity-inducing prior, which encourages both
loadings and factor scores to be exactly or nearly zero outside a small number of biclusters. The
simulated data, however, exhibit only approximate sparsity, with overlapping supports and small but
nonzero values outside the main signal regions. Consequently, SSLB tends to shrink these weaker
signals towards zero, leading to an underestimation of the underlying structure. The still high RV
coefficients indicate that, despite inaccuracies at the level of individual entries, the overall structure
of the data is largely preserved.

6.1.2 Recovery of model parameters Λ, Fs, Λs, ηs, and βX .

This simulation study is designed to assess the ability of the MSFRB model to recover the under-
lying model parameters, including common and study-specific factors, their corresponding loadings,
and the covariate effects. We retain the same data-generating mechanism and dimensionality as in
Section 6.1.1, but modify the construction of the common component to induce a clearly visible
structure in both the common factor loadings and factor scores. In addition, we include one dense
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common factor alongside three sparse common factors to evaluate the ability of the model to re-
cover both sparse and dense latent structure. The first three sparse common factors and loadings are
generated to exhibit sparse support pattern:

λi1 ∼ N (0, 22), i = 1, . . . , 20,

λi2 ∼ N (0, 22), i = 21, . . . , 40,

λi3 ∼ N (0, 22), i = 41, . . . , 60,

f1n ∼ N (0, 22), n ∈ {1, . . . , 50} ∪ {101, . . . , 150} ∪ {201, . . . , 250},
f2n ∼ N (0, 22), n ∈ {51, . . . , 100} ∪ {151, . . . , 200} ∪ {251, . . . , 300},
f3n ∼ N (0, 22), n ∈ {1, . . . , 100} ∪ {121, . . . , 170} ∪ {201, . . . , 300},

while all remaining entries are set to 0. The dense common factor is generated by sampling its factor
scores from N (0, 1.52), and its loadings from N (0, 22).

Study-specific factors are generated as η⊤
ns ∼ N2(0, I2) for n = 1, . . . , Ns and s = 1, . . . , S,

with their corresponding loadings generated as λihs ∼ N (0, 1) for all i, s, and h = 1, 2. The
idyiosyncratic variances are simulated as ξ2is ∼ G−1(100, 30) for all i and s.

We retain the sex covariate generated as described in Section 6.1.1 and additionally introduce a
continuous age covariate. Age is simulated from a normal distribution with standard deviation of 8
and study-specific means of 55, 58, and 52 years in the first, second, and third studies, respectively.
To ensure realistic values, age values are truncated to lie between 18 and 90 years.

We set the maximum possible number of active common and study-specific factors to H = 20
andHs = 10, respectively. Hyperparameters and initial values are chosen as described in Section B.1
of the Supplementary Material. We again simulate 10 replicate datasets. In all replicates, the model
correctly recovered the four active common factors, all of which satisfied the unique-support identifi-
cation criterion.

Below, we present heatmaps of the true and estimated common factor loadings, common fac-
tor scores, study-specific factor loadings, and covariates for one randomly selected replicate. As
factor loadings and factor scores are identified up to sign switching and column permutations, we
re-arranged the estimated matrices to have the same sign an order as the true factor loadings/scores.
For better visual clarity, we only exhibited the columns corresponding to the active factors in the es-
timated factor loadings and scores matrices. We take posterior means as estimated values for all the
parameters in question.

Figure 4 demonstrates that the model successfully uncovered both sparse and dense common fac-
tors and factor loadings. As shown in Figure 5, the study-specific loadings are also recovered accu-
rately. Nevertheless, the primary objective of the model is to identify the latent structure shared across
studies, which is encoded in the common factors and loadings. In contrast, the study-specific factors
capture variation unique to individual studies, which in transcriptomic applications may arise from
differences in experimental platforms, laboratory protocols, batch effects, and other study-specific
sources of variation.

Finally, Figure 6 compares the simulated and estimated covariate coefficients. The estimated
coefficient matrix includes an intercept term, which is inferred automatically by the model. The
intercept is necessary as, contrary to the usual practice in factor models, he MSFRB model is fitted
directly to the original data without prior centering or scaling. This avoids removing variation that
may be associated with the observed covariates and allows covariate effects to be estimated jointly
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(a) Common factor loadings (b) Common factors

Figure 4: The heatmap of the mean across ten true and estimated common factor loadings and scores.

(a) Factor loadings: study 1 (b) Factor loadings: study 2 (c) Factor loadings: study 3

Figure 5: The heatmap of the mean across ten true and estimated subject-specific factor loadings.

with the latent structure. As evident from Figure 6, the MSFRB model recovered the true covariate
effects with a high degree of accuracy.

The primary objective of this simulation study is to evaluate the extent to which the competing
methods recover the underlying latent structure. As most of the methods considered can be viewed as
biclustering approaches, or more broadly as methods for identifying shared structure across features
and samples (e.g. common pathways), we focus on recovery of the common component. Specifi-
cally, we evaluate the estimation accuracy of the matrix of common factor loadings, Λ, the matrix
of common factor scores, F, and their product ΛF, which represents the shared signal. This allows
us to distinguish between accurate reconstruction of the overall signal and accurate recovery of its
underlying factorised representation. To assess performance, we report relative Frobenius distances
and RV coefficients, which quantify discrepancies in magnitude and agreement in overall structure,
respectively, between the true and estimated matrices.

For all methods, estimated factor loadings and factor scores were first aligned to the true factors to
account for sign and column permutation indeterminacies inherent to factor models. Alignment was
performed by matching estimated and true factors based on the combined similarity of their loading
and score vectors, followed by sign correction. The common signal was then reconstructed as the
product of the aligned estimated loading and factor matrices, Λ̂F̂ . Since BicMix allows an over-

25



Figure 6: The heatmap of the mean across ten true and estimated covariate coefficients

Model Relative Frobenius distance RV coefficient

d(Λ, Λ̂) d(F , F̂ ) d(ΛF , Λ̂F̂ ) RV
Λ,Λ̂

RV
F ,F̂

RV
ΛF ,Λ̂F̂

MSFRB 0.119 [0.059] 0.148 [0.054] 0.085 [0.023] 0.9966 0.9965 0.9996
MSFA 0.780 [0.015] 0.762 [0.019] 0.942 [0.006] 0.7886 0.9919 0.7591
EBMF 0.109 [0.103] 0.088 [0.094] 0.108 [0.055] 0.9881 0.9982 0.9864
BicMix 1.701 [0.251] 1.336 [0.344] 2.991 [1.253] 0.1637 0.8561 0.0845
SSLB 0.901 [0.460] 0.873 [0.272] 1.919 [1.037] 0.4676 0.9065 0.4008

Table 2: Relative Frobenius distances and RV coefficients between the true and estimated common loading
matrix Λ, the common factor score matrix F , and their product ΛF . Values are reported as mean [standard
deviation] across simulation replicates. Smaller relative Frobenius distances indicate better recovery, while
RV coefficients closer to one indicate stronger agreement. The best values in each column are highlighted in
bold.

complete representation and the simulated common signal contains both sparse and dense factors, all
recovered BicMix components were considered during the matching procedure rather than restricting
attention to factors classified as sparse in both dimensions. This ensures that recovery is assessed with
respect to the complete common signal generated under the simulation design.

The results presented in Table 2 indicate that both MSFRB and EBMF are able to recover the
underlying common structure accurately, although their strengths differ. EBMF achieves the low-
est relative Frobenius distances and the highest RV coefficients for the individual loading and factor
score matrices, Λ and F , suggesting particularly accurate recovery of the factorised representation.
In contrast, MSFRB achieves the best performance in recovering the common signal ΛF , attaining
the smallest reconstruction error and the highest RV coefficient among all competing methods. This
indicates that MSFRB is especially effective at capturing the shared latent structure represented by
the common component. MSFA performs substantially worse, particularly with respect to recovery
of the common signal, despite achieving reasonably high RV coefficients for the factor score matrix.
BicMix and SSLB exhibit considerably poorer performance across all metrics, with large reconstruc-
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tion errors and substantially lower RV coefficients. In particular, BicMix appears unable to recover
the sparse and dense common structure simultaneously, while SSLB shows high variability across
simulation replicates. These findings are consistent with the boxplots in Figure 7, where MSFRB
displays the most stable performance and the lowest errors in recovering the common signal across
repeated simulations.

Figure 7: Comparison of the recovery of the common signal across methods based on ten simulation replicates.
Panel (a) displays boxplots of the relative Frobenius distance between the true common component ΛF and its
estimate Λ̂F̂ , with points indicating the mean values. Smaller values correspond to more accurate recovery of
the common signal. Panel (b) shows the quantity 1−RV, where RV denotes the RV coefficient between ΛF and
Λ̂F̂ . Values closer to zero indicate stronger agreement between the true and estimated common components.

The poor performance of BicMix and SSLB can likely be attributed to the fact that the simu-
lated common structure combines sparse, dense, and overlapping factors while also including study-
specific and covariate-driven variation. This creates a more complex decomposition problem than a
purely sparse biclustering setting, and could make it difficult for these methods to separate the shared
common component from other sources of structure.

6.2 Simulation study 2: Model performance on various dimensions

This simulation study investigates the comparative performance of the MSFRB model as the
dimensionality of the data increases. In particular, we examine how recovery of the shared latent
structure varies with the number of features p and the number of samples per study Ns, while fixing
the number of studies at S = 4. We consider the combinations p ∈ {100, 500, 1000} and Ns ∈
{100, 500}. For each setting, ten replicate datasets are generated.

Performance is assessed using the relative Frobenius distance between the observed and recon-
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structed data matrices d(Ys, Ŷs) for each study s, as well as the distance between the true and es-
timated common signal d(ΛF , Λ̂F̂ ). The latter serves as the primary measure of performance, as
it captures the recovery of the structure shared across studies. By focusing on the product ΛF , we
avoid issues of scale and rotational indeterminacy inherent in factor models.

The data are generated as follows. We fix the number of common factors to H = 5, of which two
are dense and three are sparse, and the number of study-specific factors to Hs = 2 for each study.
For each study s = 1, . . . , S and sample n = 1, . . . , Ns, the study-specific latent factors are drawn as
ηns ∼ N3(0, I3), with corresponding loadings generated independently as

λihs ∼ N (0, 0.32), i = 1, . . . , p and h = 1, . . . , 2.

We consider an intercept-only design with px = 1 and xns = 1 for all n and s, and generate
regression coefficients as

βXi ∼ N (0, 22), i = 1, . . . , p.

The common loading matrix Λ is constructed as a mixture of dense and sparse columns. For the
two dense factors,

λih ∼ N (0, 22), i = 1, . . . , p and h = 1, 2.

For the remaining three factors, sparsity is induced by randomly selecting between 30% and 60% of
entries to be nonzero, drawn from N (0, 22), with the remaining entries set to zero.

The common factor matrix F is generated as

fhn ∼ N (0, 22), h = 1, . . . , 5 and n = 1, . . . , N,

where N =
∑S

s=1Ns. The first two factors are dense, while the remaining factors are sparsified by
randomly setting between 40% and 70% of their entries to zero.

We assume diagonal noise covariance matrices Ξs = diag(ξ21s, . . . , ξ
2
ps), where the idiosyncratic

errors are generated independently as

ξ2is ∼ G−1(7, 1), i = 1, . . . , p and s = 1, . . . , S.

Finally, for each study s and sample n, the data are generated according to

yns ∼ Np

(
βXxns +Λfns +Λsηns, Ξs

)
.

This construction yields S = 4 data matrices Ys that share a common latent structure while
retaining study-specific variation and noise, allowing us to assess how well each method recovers the
shared signal as the dimensionality increases.

As in the first simulation study, we compare the performance of the MSFRB model with four com-
peting approaches, namely the MSFA model of Hansen et al. (2025), EBMF of Wang and Stephens
(2021), BicMix of Gao et al. (2016), and SSLB of Moran et al. (2021). This simulation setting is
particularly challenging because the latent structure is characterised by complex sparsity patterns and
weak signals, including overlapping supports, rather than by extreme dimensionality alone. These
features make recovery of the common component difficult even when the sample size is relatively
large.
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Model Ns Relative Frobenius distance RV coefficient

d(Y1, Ŷ1) d(Y2, Ŷ2) d(Y3, Ŷ3) d(Y4, Ŷ4) d(ΛF , Λ̂F̂ ) RVΛF , Λ̂F̂

MSFRB 100 0.057 [0.003] 0.057 [0.002] 0.057 [0.002] 0.057 [0.004] 0.050 [0.025] 0.9992
MSFA 100 0.060 [0.003] 0.061 [0.003] 0.061 [0.003] 0.061 [0.004] 0.864 [0.005] 0.8483
EBMF 100 0.062 [0.007] 0.063 [0.004] 0.061 [0.005] 0.060 [0.005] 0.105 [0.023] 0.9998
BicMix 100 0.063 [0.005] 0.062 [0.004] 0.062 [0.005] 0.061 [0.005] 1.236 [0.238] 0.1593
SSLB 100 0.689 [0.014] 0.678 [0.063] 0.734 [0.039] 0.682 [0.080] 0.694 [0.041] 0.9769

MSFRB 500 0.056 [0.002] 0.057 [0.002] 0.056 [0.002] 0.057 [0.002] 0.026 [0.004] 0.9999
MSFA 500 0.056 [0.002] 0.055 [0.002] 0.055 [0.002] 0.055 [0.002] 0.863 [0.005] 0.8479
EBMF 500 0.059 [0.002] 0.060 [0.002] 0.060 [0.002] 0.059 [0.003] 0.046 [0.004] 0.9999
BicMix 500 0.060 [0.003] 0.061 [0.004] 0.060 [0.002] 0.060 [0.003] 1.008 [0.008] 0.1145
SSLB 500 1 1 1 1 – –

Table 3: Relative Frobenius distances between the simulated data Ys and fitted values Ŷs for each study,
together with the relative Frobenius distance and RV coefficient for the recovered common signal ΛF , for fixed
p = 100 and varyingNs. Values are reported as mean [standard deviation] across ten replicate datasets, while
RV coefficients are reported as mean values.For BicMix, common component recovery metrics are computed
only for four replicates in which sparse-sparse components were selected. The best values in each column are
highlighted in bold.

Across Tables 3 and 4, the reconstruction errors for the observed data Ys are very similar for
MSFRB, MSFA, and EBMF, indicating that all three methods capture the overall variation in the
data to a comparable extent. However, differences become apparent when considering the recovery
of the common signal. MSFRB and EBMF achieve substantially lower errors and higher RV coef-
ficients for the common component, whereas MSFA exhibits much larger errors despite comparable
reconstruction of the observed data, which is likely due to information switching between shared and
study-specific components.

The behaviour of SSLB is unstable. In particular, for p = 100 and Ns = 500, SSLB fails
to recover any common signal, resulting in a degenerate solution. More generally, its performance
deteriorates as the sample size increases. This may be explained by the strong sparsity-inducing
prior in SSLB, which can over-shrink weak and overlapping signals, making it difficult to recover the
common structure in this setting. In some p,Ns settings, also the BicMix model did not return any
components classified as sparse in both loadings and factor scores, and the corresponding biclustering
component was therefore not available for comparison.

Overall, these results highlight that the main difficulty lies in recovering the shared latent structure
rather than reconstructing the observed data, and that only MSFRB and EBMF perform reliably in
this respect.

7 Real data application

We applied the proposed MSFRB model to a multi-study colorectal cancer gene expression
dataset constructed from the R-package curatedCRCData mRNA. The dataset was assembled us-
ing a custom preprocessing pipeline designed to harmonise microarray-based mRNA expression stud-
ies while retaining only molecular features observed across all selected studies. The pipeline allows
the user to specify the expression platform, the minimum number of observations per study, the max-

29



Model Ns Relative Frobenius distance RV coefficient

d(Y1, Ŷ1) d(Y2, Ŷ2) d(Y3, Ŷ3) d(Y4, Ŷ4) d(ΛF , Λ̂F̂ ) RVΛF , Λ̂F̂

MSFRB 100 0.058 [0.002] 0.058 [0.004] 0.058 [0.003] 0.057 [0.003] 0.439 [0.101] 0.9403
MSFA 100 0.058 [0.002] 0.058 [0.002] 0.058 [0.003] 0.058 [0.003] 0.865 [0.007] 0.8476
EBMF 100 0.061 [0.003] 0.061 [0.002] 0.062 [0.002] 0.062 [0.003] 0.105 [0.018] 0.9998
BicMix 100 0.062 [0.003] 0.061 [0.004] 0.061 [0.004] 0.061 [0.003] 1.006 [–] 0.0028
SSLB 100 0.173 [0.011] 0.168 [0.010] 0.173 [0.016] 0.177 [0.015] 0.323 [0.119] 0.9690

MSFRB 500 0.058 [0.002] 0.059 [0.002] 0.059 [0.002] 0.060 [0.002] 0.235 [0.094] 0.9808
MSFA 500 0.058 [0.002] 0.058 [0.002] 0.059 [0.002] 0.058 [0.003] 0.862 [0.004] 0.8459
EBMF 500 0.062 [0.003] 0.062 [0.003] 0.062 [0.003] 0.062 [0.004] 0.045 [0.009] 0.9999
BicMix 500 0.061 [0.003] 0.061 [0.004] 0.061 [0.004] 0.061 [0.003] 1.006 [–] 0.0028
SSLB 500 0.824 [0.052] 0.828 [0.043] 0.819 [0.043] 0.825 [0.040] 0.810 [0.022] 0.8849

Table 4: Relative Frobenius distances between the simulated data Ys and fitted values Ŷs for each study,
together with the relative Frobenius distance and RV coefficient for the recovered common signal ΛF , for fixed
p = 500 and varyingNs. Values are reported as mean [standard deviation] across ten replicate datasets, while
RV coefficients are reported as mean values. For BicMix, common component recovery metrics are reported
only for two replicates in which sparse-sparse components were identified. The best values in each column are
highlighted in bold.

imum acceptable fraction of missing values before gene exclusion, and the demographic or clinical
variables to retain. After filtering, studies are merged by restricting the analysis to a common set of
genes with complete expression values for all observations across all included studies.

Using the pipeline, we selected the 2, 000 most variable common genes. The final dataset com-
prised eight colorectal cancer studies: GSE14333 eset (290 samples), GSE17536 eset (177
samples), GSE17538.GPL570 eset (232 samples), GSE2109 eset (426 samples), GSE21815 eset
(137 samples), GSE26682.GPL570 eset (156 samples), GSE26682.GPL96 eset (155 sam-
ples), and GSE39582 eset (565 samples), yielding a total of 2, 138 samples. Each study con-
tributed measurements for the same set of 2, 000 genes. Study membership was encoded by the
variable study id. Age and gender were retained as observed covariates and were included in the
regression component of the model where available.

This dataset provides a natural application for MSFRB because it combines gene expressions col-
lected across multiple independent studies conducted over different time periods and using different
experimental protocols and microarray platforms. Such heterogeneity is expected to induce both bi-
ological signal shared across studies and study-specific variation due to technical, platform-related,
and cohort-specific effects. The MSFRB decomposition is therefore well suited to this setting: com-
mon sparse factors are used to identify biclusters of genes and samples that represent reproducible
structure across studies, while study-specific factors account for residual heterogeneity and potential
batch effects. The inclusion of age and gender allows the shared latent structure to be estimated after
adjustment for observed demographic variation.

For this real data analysis we used the CAVI implementation of MSFRB. The maximum number
of common factors was set to be H = 30 and study-specific factors was set to be Hs = 20, with
the sparse ESP prior allowing the effective number of active factors to be inferred from the data. The
algorithm converged after 198 iterations. A total of six common factors were identified, all satisfying
the identifiability condition based on unique support. The numbers of study-specific factors across
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Model Ns Relative Frobenius distance RV coefficient

d(Y1, Ŷ1) d(Y2, Ŷ2) d(Y3, Ŷ3) d(Y4, Ŷ4) d(ΛF , Λ̂F̂ ) RVΛF , Λ̂F̂

MSFRB 100 0.000 [0.000] 0.000 [0.000] 0.000 [0.000] 0.000 [0.000] 0.000 [0.000] 0.0000
MSFA 100 0.000 [0.000] 0.000 [0.000] 0.000 [0.000] 0.000 [0.000] 0.000 [0.000] 0.0000
EBMF 100 0.000 [0.000] 0.000 [0.000] 0.000 [0.000] 0.000 [0.000] 0.000 [0.000] 0.0000
BicMix 100 0.000 [0.000] 0.000 [0.000] 0.000 [0.000] 0.000 [0.000] 0.000 [0.000] 0.0000
SSLB 100 0.000 [0.000] 0.000 [0.000] 0.000 [0.000] 0.000 [0.000] 0.000 [0.000] 0.0000

MSFRB 500 0.000 [0.000] 0.000 [0.000] 0.000 [0.000] 0.000 [0.000] 0.000 [0.000] 0.0000
MSFA 500 0.000 [0.000] 0.000 [0.000] 0.000 [0.000] 0.000 [0.000] 0.000 [0.000] 0.0000
EBMF 500 0.000 [0.000] 0.000 [0.000] 0.000 [0.000] 0.000 [0.000] 0.000 [0.000] 0.0000
BicMix 500 0.000 [0.000] 0.000 [0.000] 0.000 [0.000] 0.000 [0.000] 0.000 [0.000] 0.0000
SSLB 500 0.000 [0.000] 0.000 [0.000] 0.000 [0.000] 0.000 [0.000] 0.000 [0.000] 0.0000

Table 5: Relative Frobenius distances between the simulated data Ys and fitted values Ŷs for each study,
together with the relative Frobenius distance and RV coefficient for the recovered common signal ΛF , for fixed
p = 1000 and varying Ns. Values are reported as mean [standard deviation] across ten replicate datasets,
while RV coefficients are reported as mean values. The best values in each column are highlighted in bold.

the eight studies were 5, 8, 11, 8, 9, 3, 14, and 9, respectively. Biclusters of genes and samples were
extracted from the estimated common factors by thresholding the posterior second moments of the
factor loadings and factor scores. Active factors were selected using a relative energy criterion, and
gene–sample memberships were defined via factor-specific supports.

The extracted biclusters exhibit clear block-like patterns, indicating subsets of genes that are
coherently up- or down-regulated within specific groups of patients. These patterns are consistent
across studies and suggest that the inferred common factors capture shared sources of biological
variation, while allowing for heterogeneity in the remaining samples.

We compared the performance of MSFRB with the same competing methods considered in the
simulation studies, namely MSFA, EBMF, SSLB, and BixMix, using the relative Frobenius distance
between the observed data and its reconstruction as a common evaluation metric. Although recon-
struction accuracy is not the primary objective of the model, this metric provides a convenient way to
assess how well each method captures the main structure of the data.

The results are reported in Table 6. MSFRB achieved the lowest overall reconstruction error,
with a relative Frobenius distance of 0.099. EBMF performed almost identically, attaining the same
overall error and comparable reconstruction accuracy across all studies. In contrast, SSLB and MSFA
exhibited substantially larger reconstruction errors, while BicMix performed worse than all other
methods. These results suggest that MSFRB and EBMF are better able to capture the dominant
sources of variation present in the data than the competing approaches.

8 Conclusion

The paper proposes a multi-study factor regression biclustering (MSFRB) model for the compre-
hensive analysis of high-dimensional molecular data collected across multiple studies. The model
integrates multi-study factor analysis, factor regression, and biclustering within a unified Bayesian
framework, enabling simultaneous modelling of shared latent structure as well as accounting for
study-specific heterogeneity and observed covariate effects. Such a combination has not been con-
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Model Study 1 Study 2 Study 3 Study 4 Study 5 Study 6 Study 7 Study 8 Overall
MSFRB 0.131 0.056 0.059 0.116 0.143 0.066 0.062 0.099 0.099
MSFA 0.528 0.297 0.290 0.473 0.557 0.421 0.350 0.416 0.444
EBMF 0.133 0.056 0.060 0.115 0.150 0.069 0.062 0.098 0.099
SSLB 0.243 0.125 0.139 0.209 0.225 0.191 0.103 0.186 0.188
BixMix 0.794 0.734 0.697 0.774 0.800 0.781 0.796 0.711 0.764

Table 6: Relative Frobenius distance between observed and reconstructed data across studies.

sidered within a single coherent modelling framework, providing a flexible approach to integrative
analysis in complex multi-study settings.

A central component of the proposed framework is the use of a sparse exchangeable shrinkage
process (ESP) prior on both common factor loadings and factor scores. This prior induces sparsity at
multiple levels and supports automatic factor selection, allowing the model to adapt to both sparse and
moderately dense latent structures. While variational inference yields continuous approximations, the
shrinkage mechanism leads to a clear practical separation between active and negligible components,
which can be formalised through simple post-processing.

An additional contribution of this work is a principled approach to factor identification. Building
on the structure induced by the model, we characterise active factors through their posterior energy
and assess their identifiability via uniqueness of support across features and samples. This provides
an interpretable criterion for distinguishing shared and study-specific components and complements
the biclustering interpretation of the model. To enable scalable inference under the ESP prior, we
developed a variational inference framework, including both coordinate ascent and stochastic varia-
tional algorithms. In particular, we derive mean-field variational updates for the ESP prior, enabling
tractable and efficient approximation of its multi-level sparsity structure. The resulting procedures
exploit the conditional structure of the model and scale well to high-dimensional settings.

Simulation studies and real data applications demonstrate that the MSFRB model accurately re-
covers latent structure in most settings, effectively separates shared and study-specific sources of
variation, and reliably estimates covariate effects across a range of problem dimensions. These re-
sults highlight the advantages of the proposed framework over existing multi-study factor analysis
and biclustering approaches.

The MSFRB model provides a flexible and principled tool for integrative analysis in multi-study
settings. Several extensions can be developed within this framework. In particular, the Gaussian ob-
servation model may be relaxed to accommodate non-Gaussian response distributions, and additional
structure—such as dependence or grouping among latent factors—can be incorporated through struc-
tured shrinkage priors (in the spirit of Schiavon et al. (2022)). These extensions can be pursued while
retaining the factor regression structure and multi-study decomposition underlying the model.
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Supplementary Material for:
“Multi-subject factor regression biclustering”

A Variational inference algorithms for multi-study factor regression
biclustering

In this section, we provide the detailes of the CAVI and SVI algorithms outlined in the main paper.

A.1 CAVI algorithm for MSFRB

Algorithm A.1: Details of the CAVI algorithm steps for the MSFRB model

1: Set initial variational parameters

Repeat until converged

2: Update ξ2is for i = 1, . . . , p and s = 1, . . . , S from q∗(ξ2is) = G−1(âξs, b̂
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3: Update bξis for i = 1, . . . , p and s = 1, . . . , S from q∗(bξis) = G(âbξ , b̂
bξ
is ), where
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4: Update θh|γh for h = 1, . . . , H from
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• q∗(θh|γh = 0) = G−1(âθhspike, âθhspike) , with
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6: Update τh for h = 1, . . . , H from q∗(τh) = B(âτh , b̂τh), where
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âξs

b̂ξis

(
µf

1s, . . . ,µ
f
Nss

)(
y⊤
is −

(
µη

1s, . . . ,µ
η
Nss

) [
µλ

is

]⊤ −X⊤
s

[
µβX

i

]⊤)
,

and where Ψ−1
i = diag

(
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12: Update bΛ0 from q∗(bΛ0 ) = G(âbΛ0 , b̂bΛ0 ), where
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1

2

âκF

b̂κF

S̃F
h ,

where S̃F
h =

∑S
s=1

∑Ns

n=1

[
Ef2hnsE

(
1

ζhns

)]
=
∑S

s=1

∑Ns

n=1

[([
µf
hns

]2
+Σf

ns[h,h]

)
âζ

b̂ζhns

]
, with h

and [h, h] indicating the hth element of the mean vector and the [h, h]th element of the covariance matrix
Σf

ns, correspondingly.
Calculate weighted mixture of expectations for h = 1, . . . , H

Emix

(
1

υh

)
= zh

âυhslab

b̂υhslab

+ (1− zh)
âυhspike

b̂υhspike

.

15: Update responsibilities for h = 1, . . . , H from q∗(νh) = Ber(zh). First calculate

mh slab = E log πh + aFE log bF − log Γ(aF )− (aF +
N

2
+ 1)Eslab log υh−

Eslab

(
1

υh

)(
EbF +

1

2
E
(

1

κF

)
S̃F
h

)
,

mh spike = E log(1− πh) + aF0 E log bF0 − log Γ(aF0 )− (aF0 +
N

2
+ 1)Espike log υh−

Espike

(
1

υh

)(
EbF0 +

1

2
E
(

1

κF

)
S̃F
h

)
,
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where

E log πh = ψ(âπh
)− ψ(âπh

+ b̂πh
),

E log(1− πh) = ψ(b̂πh
)− ψ(âπh

+ b̂πh
),

E log bF = ψ(âbυ )− ln b̂bυ ,

E log bF0 = ψ(âbF0 )− ln b̂bF0 ,

Eslab log υh = ln b̂υhslab − ψ(âυhslab),

Espike log υh = ln b̂υhspike − ψ(âυhspike),

Eslab

(
1

υh

)
=
âυhslab

b̂υhslab

,

Espike

(
1

υh

)
=
âυhspike

b̂υhspike

,

E
(

1

κF

)
=
âκF

b̂κF

,

S̃F
h =

S∑
s=1

Ns∑
n=1

[
Ef2hnsE

(
1

ζhns

)]
=

S∑
s=1

Ns∑
n=1

[([
µf
hns

]2
+Σf

ns[h,h]

)
âζ

b̂ζhns

]
.

Calculate the responsibility of slab zh as

zh =
1

1 + exp(mh spike −mh slab)
.

16: Update πh for h = 1, . . . , H from q∗(πh) = B(âπh
, b̂πh

), where

âπh
=

âFα

b̂FαH
+ zh,

b̂τh = 2− zh.

17: Update αF from q∗(αF ) = G(âFα , b̂Fα ), where

âFα = aFα +H,

b̂Fα = bFα −
1

H

H∑
h=1

E log πh,

with E log πh = ψ(âπh
)− ψ(âπh

+ b̂πh
).

18: Update ζhns for s = 1, . . . , S, n = 1, . . . , Ns and h = 1, . . . , H from q∗(ζhns) = G−1(âζ , b̂ζhns
), where

âζ = aζ +
1

2
,

b̂ζhns
=

âβζ

b̂βnsζ

+
1

2

âκF

b̂κF

Emix

(
1

υh

)
Ef2hns,

with Emix

(
1
υh

)
= zh

âυhslab

b̂υhslab
+ (1− zh)

âυhspike

b̂υhspike
and Ef2hns =

[
µf
hns

]2
+Σf

[h,h]ns.

19: Update κF from q∗(κF ) = G−1(âκF
, b̂κF

), where
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âκF
= cκ +

1

2
HN,

b̂κF
= dκ +

1

2

H∑
i=1

[
Emix

(
1

υh

)
S̃F
h

]
,

with Emix

(
1
υh

)
= zh

âυhslab

b̂υhslab
+(1−zh)

âυhspike

b̂υhspike
and S̃F

h =
∑S

s=1

∑Ns

n=1

[([
µf
hns

]2
+Σf

ns[h,h]

)
âζ

b̂ζhns

]
.

20: Update fns for n = 1, . . . , Ns and s = 1, . . . , S from q∗(fns) = NH(µf
ns,Σ

f
ns), where

Σf
ns =

(
Ω−1

ns +

p∑
i=1

âξs

b̂ξis

(
µλ

i

[
µλ

i

]⊤
+Σλ

i

))−1

,

µf
ns = Σf

ns

(
µλ

1 , . . . ,µ
λ
p

)⊤
diag

(
âξs

b̂ξ1s
, . . . ,

âξs

b̂ξps

)(
yns −

(
µλ

s1, . . . ,µ
λ
sP

)
µη

ns −
(
µβX

1 , . . . ,µβX

P

)
xns

)
,

and where Ω−1
ns = diag

(
âκF

b̂κF

âζ

b̂ζ1ns

Emix

(
1
υ1

)
, . . . ,

âκF

b̂κF

âζ

b̂ϕHns

Emix

(
1
υH

))
with Emix

(
1
υh

)
= zh

âυhslab

b̂υhslab
+

(1− zh)
âυhspike

b̂υhspike
.

21: Update bF from q∗(bF ) = G(âbυ , b̂bυ ), where

âbυ = aF1 + aΛ

H∑
h=1

zh,

b̂bυ = bF1 +

H∑
h=1

zh
âυhslab

b̂υhslab

.

22: Update bF0 from q∗(bF0 ) = G(âbF0 , b̂bF0 ), where

âbF0 = aF2 + aF0

H∑
h=1

(1− zh),

b̂bF0 = bF2 +

H∑
h=1

(1− zh)
âυhspike

b̂υhspike

.

23: Update βnsζ for n = 1, . . . , Ns and s = 1, . . . , S from q∗(βnsζ) = G(âβζ
, b̂βnsζ

), where

âβζ
= e+Haζ ,

b̂βnsζ
= w +

H∑
h=1

âζ

b̂ζhns

.

24: Update θhs|γhs for h = 1, . . . , Hs and s = 1, . . . , S from
• q∗(θhs|γhs = 1) = G−1(âθhsslab, âθhsslab), with

âθhsslab = aSΛ +
p

2
,

b̂θhsslab =
âbSΛ
b̂bSΛ

+
1

2
S̃Λ
hs,
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• q∗(θhs|γhs = 0) = G−1(âθhsspike, âθhsspike), with

âθhsspike = aSΛ
0 +

p

2
,

b̂θhsspike =
âbSΛ

0

b̂bSΛ
0

+
1

2
S̃Λ
hs,

where S̃Λ
hs =

∑p
i=1

[
Eλ2ihsE

(
1

ϕihs

)]
=
∑p

i=1

[([
µλ

ihs

]2
+Σλ

is[h,h]

)
âϕs

b̂ϕihs

]
, with h and [h, h]

indicating the hth element of the mean vector and the [h, h]th element of the covariance matrix ΣΛ
is, corre-

spondingly.
Calculate weighted mixture of expectations for h = 1, . . . , Hs and s = 1, . . . , S

Emix

(
1

θhs

)
= rhs

âθhsslab

b̂θhsslab

+ (1− rhs)
âθhsspike

b̂θhsspike

.

25: Update responsibilities for h = 1, . . . , Hs and s = 1, . . . , S from q∗(γhs) = Ber(rhs). First calculate

lhs slab = E log τhs + aSΛE log bSΛ − log Γ(aSΛ)− (aSΛ +
p

2
+ 1)Eslab log θhs−

Eslab

(
1

θhs

)(
EbSΛ +

1

2
S̃Λ
hs

)
,

lhs spike = E log(1− τhs) + aSΛ
0 E log bSΛ

0 − log Γ(aSΛ
0 )− (aSΛ

0 +
p

2
+ 1)Espike log θhs−

Espike

(
1

θhs

)(
EbSΛ

0 +
1

2
S̃Λ
hs

)
,

where

E log τhs = ψ(âτhs
)− ψ(âτhs

+ b̂τhs
),

E log(1− τhs) = ψ(b̂τhs
)− ψ(âτhs

+ b̂τhs
),

E log bSΛ = ψ(âbSΛ)− ln b̂bSΛ ,

E log bSΛ
0 = ψ(âbSΛ

0
)− ln b̂bSΛ

0
,

Eslab log θhs = ln b̂θhsslab − ψ(âθhsslab),

Espike log θhs = ln b̂θhsspike − ψ(âθhsspike),

Eslab

(
1

θhs

)
=
âθshslab

b̂θhsslab

,

Espike

(
1

θhs

)
=
âθhsspike

b̂θhsspike

,

S̃Λ
hs =

p∑
i=1

[
Eλ2ihsE

(
1

ϕihs

)]
=

p∑
i=1

[([
µλ

ihs

]2
+Σλ

is[h,h]

) âϕs

b̂ϕihs

]
.

Calculate the responsibility of slab rhs as

rhs =
1

1 + exp(lhs spike − lhs slab)
.
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26: Update τhs for h = 1, . . . , Hs and s = 1, . . . , S from q∗(τhs) = B(âτhs
, b̂τhs

), where

âτhs
=

âSΛ
α

b̂SΛ
α Hs

+ rhs,

b̂τhs
= 2− rhs.

27: Update αS
Λ from q∗(αS

Λ) = G(âSΛ
α , b̂SΛ

α ), where

âSΛ
α = aSΛ

α +HsS,

b̂SΛ
α = bSΛ

α − 1

Hs

S∑
s=1

Hs∑
h=1

E log τhs,

with E log τhs = ψ(âτhs
)− ψ(âτhs

+ b̂τhs
).

28: Update ϕihs for i = 1, . . . , p, h = 1, . . . ,H and s = 1, . . . , S from q∗(ϕihs) = G−1(âϕs, b̂ϕihs
), where

âϕs = aSϕ +
1

2
,

b̂ϕihs
=
âβϕs

b̂βϕis

+
1

2
Emix

(
1

θhs

)
Eλ2ihs,

with Emix

(
1

θhs

)
= rhs

âθhsslab

b̂θhsslab
+ (1− rhs)

âθhsspike

b̂θhsspike
and Eλ2ihs =

[
µλ

ihs

]2
+Σλ

i[h,h].

29: Update λ⊤is for i = 1, . . . , p and s = 1, . . . , S from q∗(λis) = NHs
(µλ

is,Σ
λ
is), where

Σλ
is =

(
Ψ−1

is +
âξs

b̂ξis

Ns∑
n=1

(
µη

ns [µ
η
ns]

⊤
+Ση

ns

))−1

,

µλ
is = Σλ

is

âξs

b̂ξis

(
µη

1s, . . . ,µ
η
Nss

)(
y⊤
is −

(
µf

1s, . . . ,µ
f
Nss

) [
µλ

i

]⊤ −X⊤
s

[
µβX

i

]⊤)
,

and where Ψ−1
is = diag

(
âϕs

b̂ϕi1s

Emix

(
1

θ1s

)
, . . . ,

âϕs

b̂ϕiHss

Emix

(
1

θHss

))
with Emix

(
1

θhs

)
= rhs

âθhsslab

b̂θhsslab
+

(1− rhs)
âθhsspike

b̂θhsspike
.

30: Update bSΛ from q∗(bSΛ) = G(âbSΛ , b̂bSΛ), where

âbSΛ = aSΛ
1 + aSΛ

S∑
s=1

Hs∑
h=1

rhs,

b̂bSΛ = bSΛ
1 +

S∑
s=1

Hs∑
h=1

rhs
âθhsslab

b̂θhsslab

.

31: Update bSΛ
0 from q∗(bSΛ

0 ) = G(âbSΛ
0
, b̂bSΛ

0
), where

âbSΛ
0

= aSΛ
2 + aSΛ

0

S∑
s=1

Hs∑
h=1

(1− rhs),

b̂bSΛ
0

= bSΛ
2 +

S∑
s=1

Hs∑
h=1

(1− rhs)
âθhsspike

b̂θhsspike

.
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32: Update βϕis for i = 1, . . . , p and s = 1, . . . , S from q∗(βϕis) = G(âβϕs
, b̂βϕis

), where

âβϕs
= cS +Hsa

S
ϕ

b̂βϕis
= dS +

Hs∑
h=1

âϕs

b̂ϕihs

.

33: Update ηns for n = 1, . . . , Ns and s = 1, . . . , S from q∗(ηns) ∼ NHs
(µη

ns,Σ
η
ns), where

Ση
ns =

(
IHs +

p∑
i=1

âξs

b̂ξis

(
µλ

is

[
µλ

is

]⊤
+Σλ

is

))−1

,

µη
ns = Σf

ns

(
µλ

1s, . . . ,µ
λ
ps

)⊤
diag

(
âξs

b̂ξ1s
, . . . ,

âξs

b̂ξps

)(
yns −

(
µλ

1 , . . . ,µ
λ
P

)
µf

ns −
(
µβX

1 , . . . ,µβX

P

)
xns

)
.

34: Update βX
i for i = 1, . . . , p from q∗(βX

i ) ∼ Npx(µ
βX

i ,ΣβX

i ), where

ΣβX

i =

(
Q−1

i +

S∑
s=1

âξs

b̂ξis
Xs [Xs]

⊤

)−1

,

µβX

i = ΣβX

i

(
S∑

s=1

âξs

b̂ξis
(x1s, . . . ,xNss)

(
y⊤
is −

(
µf

1s, . . . ,µ
f
Nss

) [
µλ

i

]⊤ − (µη
1s, . . . ,µ

η
Nss

) [
µλ

is

]⊤))
,

where Qi = diag(qi1, . . . , qipx
).

A.2 SVI algorithm for MSFRB

The SVI algorithm requires some modifications compared to CAVI. First, the local parameters
are updated only for a subset of the data. Second, the global parameters need to be reformulated in
terms of natural parameters and updated as a weighted average of the value at the current and previous
iterations. The variational updates for other parameters, namely, bξis, rh, τh, θh, αΛ, ϕih, κΛ, bΛ, bΛ0 ,
βiϕ, πh, αF , bF , bF0 , rhs, τhs, θhs, αS

Λ, bSΛ and bSΛ0 , are performed like in Algorithm A.1 and the
updated global variables are reparameterised into their original forms according to Table A.1.

Algorithm A.2: Details of the SVI algorithm steps for the MSFRB model

1: Set initial variational parameters
2: Compute iteration-independent variational parameters:

for s = 1, . . . , S update âξs = aξ +
Ns

2 ,
update âbξ = ag + aξ,
update âθhslab = aΛ + p

2 ,
update âθhspike = aΛ0 + p

2 ,
update âϕ = aϕ + 1

2 ,
update âκΛ = aκ + 1

2pH ,
update âβϕ

= c+Haϕ,
update âυhslab = aF + N

2 ,
update âυhspike = aF0 + N

2 ,
update âζ = aζ +

1
2 ,

update âκF
= cκ + 1

2HN ,

9



Variable Natural parameter Original parameter

ξ2is ηξis = −b̂
ξ
is b̂ξis = −η

ξ
is

κF ηκF
= −b̂κF

b̂κF
= −ηκF

υh ηυh2 = −b̂υh
b̂υh

= −ηυh2

zh ηzh = log zh
1−zh

zh = 1
1+exp(−ηzh

)

λi ηλ
i1 = − 1

2

(
Σλ

i

)−1
Σλ

i = − 1
2

(
ηλ
i1

)−1

ηλ
i2 =

(
Σλ

i

)−1
µλ

i µλ
i = − 1

2

(
ηλ
i1

)−1
ηλ
i2

λis ηλ
is1 = − 1

2

(
Σλ

is

)−1
Σλ

is = − 1
2

(
ηλ
is1

)−1

ηλ
is2 =

(
Σλ

is

)−1
µλ

is µλ
is = − 1

2

(
ηλ
is1

)−1
ηλ
is2

βX
i ηβX

i1 = − 1
2

(
ΣβX

i

)−1

ΣβX

i = − 1
2

(
ηβX

i1

)−1

ηβX

i2 =
(
ΣβX

i

)−1

µβX

i µβX

i = − 1
2

(
ηβX

i1

)−1

ηβX

i2

Table A.1: Reparametrisation formulas to convert natural parameters of the global variables into the conven-
tional form and vice versa

update âβζ
= e+Haζ ,

update âθhsslab = aSΛ + p
2 ,

update âθhsspike = aSΛ
0 + p

2 ,
update âϕs + 1

2 ,
update âβϕs

= cS +Hsa
S
ϕ ,

update âΛα = aΛα +H ,
update âFα = aFα +H ,
update âSΛ

α = aSΛ
α +HsS.

for t = 1, . . . until convergence is reached

3: Set the step size ρt = (t+ τρ)−κρ

4: For s = 1, . . . , S draw Ñs = ⌊bs ×Ns⌋ data points from 1, . . . , Ns without replacement and call it Is(t).
Set Ỹ t

s = {yns ∈ Is(t)}
5: For s = 1, . . . , S and n ∈ Is(t) calculate the updates for the local variational parameters for each obser-

vation in Ỹ t
s :

update b̂ζhns for h = 1, . . . , H as in Step 18 of Algorithm A.1
update Σf

ns and µf
ns as in Step 20 of Algorithm A.1

update b̂βnsζ
as in Step 23 of Algorithm A.1

update Ση
ns and µη

ns as in Step 33 of Algorithm A.1
6: Calculate the updates for global parameters using Ỹ t

s and the current step size ρt:
(a) For s = 1, . . . , S and i = 1, . . . , p update

η̂ξis = −
âbξ

b̂
bξ
is

− 1

2

Ns

Ñs

∑
n∈Is(t)

[
y2ins − 2yins

(
µλ

i

[
µf

ns

]⊤
+ µλs

is [µη
ns]

⊤
+ µβX

i xns

)
+

2
(
µλ

i

[
µf

ns

]⊤
µλs

is [µη
ns]

⊤
+ µλ

i

[
µf

ns

]⊤
µβX

i xns + µλs

is [µη
ns]

⊤
µβX

i xns

)
+
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µβX

i xns [xns]
⊤
[
µβX

i

]⊤
+ µλ

i

[
µf

ns

]⊤
µf

ns

[
µλ

i

]⊤
+ µλs

is [µη
ns]

⊤
µη

ns

[
µλs

is

]⊤
+

µλ
i Σ

f
ns

[
µλ

i

]⊤
+
[
µf

ns

]⊤
Σλ

i µ
f
ns + µλs

is Σ
η
ns

[
µλs

is

]⊤
+ [µη

ns]
⊤
Σλs

is µ
η
ns + Tr

(
Σλ

i Σ
f
ns

)
+ Tr

(
Σλs

is Σ
η
ns

)]
and set ηξis as the weighted average of the values at this and the previous iterations

ηξis(t) = (1− ρt)ηξis(t− 1) + ρtη̂
ξ
is

(b) For i = 1, . . . , p update

η̂λi1 = −1

2

Ψ−1
i +

S∑
s=1

âξs

b̂ξis

Ns

Ñs

∑
n∈Is(t)

(
µf

ns

[
µf

ns

]⊤
+Σf

ns

) ,

η̂λi2 =
S∑

s=1

âξs

b̂ξis

Ns

Ñs

∑
n∈Is(t)

(
µf

ns

(
y⊤
ns − µη

ns

[
µλ

is

]⊤ − x⊤
ns

[
µβX

i

]⊤))
,

where Ψ−1
i is as defined in Step 10 of Algorithm A.1.

Set ηλi1 and ηλi2 as the weighted average of the values at this and the previous iterations

ηλi1(t) = (1− ρt)ηλi1(t− 1) + ρtη̂
λ
i1,

ηλi2(t) = (1− ρt)ηλi2(t− 1) + ρtη̂
λ
i2.

(c) For i = 1, . . . , p and s = 1, . . . , S update

η̂λis1 = −1

2

Ψ−1
is +

âξs

b̂ξis

Ns

Ñs

∑
n∈Is(t)

(
µη

ns [µ
η
ns]

⊤
+Ση

ns

) ,

η̂λis2 =
âξs

b̂ξis

Ns

Ñs

∑
n∈Is(t)

(
µη

ns

(
y⊤
ns − µf

ns

[
µλ

i

]⊤ − x⊤
ns

[
µβX

i

]⊤))
,

where Ψ−1
is is as defined in Step 29 of Algorithm A.1.

Set ηλi1 and ηλi2 as the weighted average of the values at this and the previous iterations

ηλis1(t) = (1− ρt)ηλis1(t− 1) + ρtη̂
λ
is1,

ηλis2(t) = (1− ρt)ηλis2(t− 1) + ρtη̂
λ
is2.

(d) For i = 1, . . . , p update

η̂β
X

i1 = −1

2

Q−1
i +

S∑
s=1

âξs

b̂ξis

Ns

Ñs

∑
n∈Is(t)

xns [xns]
⊤

 ,

η̂β
X

i2 =

S∑
s=1

âξs

b̂ξis

Ns

Ñs

∑
n∈Is(t)

(
xns

(
y⊤
ns − µf

ns

[
µλ

i

]⊤ − µη
ns

[
µλ

is

]⊤))
,

where Qi = diag(qi1, . . . , qipx
).
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Set ηβ
X

i1 and ηβ
X

i2 as the weighted average of the values at this and the previous iterations

ηβ
X

i1 (t) = (1− ρt)ηβ
X

i1 (t− 1) + ρtη̂
βX

i1 ,

ηβ
X

i2 (t) = (1− ρt)ηβ
X

i2 (t− 1) + ρtη̂
βX

i2 .

(e) For h = 1, . . . , H update

η̂υhslab
= − âbυ

b̂bυ
− 1

2

âκF

b̂κF

S̆F
h ,

η̂υhspike
= −

âbF0
b̂bF0

− 1

2

âκF

b̂κF

S̆F
h ,

where S̆F
h =

∑S
s=1

Ns

Ñs

∑
n∈Is(t)

[([
µf
hns

]2
+Σf

ns[h,h]

)
âζ

b̂ζhns

]
, with h and [h, h] indicating the hth

element of the mean vector and the [h, h]th element of the covariance matrix Σf
ns, correspondingly.

Set ηυhslab
and ηυhspike

as the weighted average of the values at this and the previous iterations

ηυhslab
(t) = (1− ρt)ηυhslab

(t− 1) + ρtη̂υhslab
,

ηυhspike
(t) = (1− ρt)ηυhspike

(t− 1) + ρtη̂υhspike
.

(f) Update

η̂κF
= −dκ − 1

2

H∑
h=1

[
Emix

(
1

υh

)
S̆F
h

]
,

where Emix

(
1
υh

)
is as defined in Step 19 of Algorithm A.1 and S̆F

h =
∑S

s=1
Ns

Ñs

∑
n∈Is(t)

[([
µf
hns

]2
+Σf

ns[h,h]

)
âζ

b̂ζhns

]
.

Set ηκF
as the weighted average of the values at this and the previous iterations

ηκF
(t) = (1− ρt)ηκF

(t− 1) + ρtη̂κF
.

(g) For h = 1, . . . , H update

η̂zh = mhslab −mhspike,

where

mh slab = E log πh + aFE log bF − log Γ(aF )− (aF +
N

2
+ 1)Eslab log υh−

Eslab

(
1

υh

)(
EbF +

1

2
E
(

1

κF

)
S̆F
h

)
,

mh spike = E log(1− πh) + aF0 E log bF0 − log Γ(aF0 )− (aF0 +
N

2
+ 1)Espike log υh−

Espike

(
1

υh

)(
EbF0 +

1

2
E
(

1

κF

)
S̆F
h

)
,

with S̆F
h defined in the previous step (f) and other quantities defined in Step 15 of Algorithm A.1.

Set ηzh as the weighted average of the values at this and the previous iterations

ηzh(t) = (1− ρt)ηzh(t− 1) + ρtη̂zh .

7: Update the remaining parameters which do not depend on local variables according to Algorithm A.1.
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B Initial values, convergence check and hyperparameters

B.1 Initialisations

In a VI algorithm, the result can be rather sensitive to initial parameters and unfortunate starting
values can lead to the algorithm being stuck at a local optimum. Therefore a careful strategy for
robust initialisation of the model parameters is usually required. We initialise out algorithm in a
similar way to the procedure described in Hansen et al. (2025), with the difference that at first we run
the regression on the known covariates to get the initial estimates of the mean values of βX and then
proceed using the residuals from the regression. This is done according to the following step-by-step
process:

1. First, the regression model yns = βXxns + ens is solved for all n = 1, . . . , Ns and all
s = 1, . . . , S, which gives the initial values for µβ

X

il = β̂il for i = 1, . . . , p and l = 1, . . . , px.
Note that the P×N dimensional data matrix Y = {yins} is constructed by stacking the subject-
specific data matrices Ys one after another for s = 1, . . . , S and setting N =

∑S
s=1Ns.

2. Initial values for µλ
i and µf

ns are obtained from decomposing the P × N error matrix from
the regression of the previous step E = {eins} as E⊤ = f̃Λ̃⊤, where the common loadings
matrix Λ̃ of dimensions P ×H and factor scores f̃ of dimensions N ×H are estimated via an
unconstrained sparse principal component analysis (PCA) (Erichson et al., 2020) available in
R-package sparsepca, with H components Then we set µλ

i = λ̃ih, where λ̃ih are elements
(i, h) of Λ̃, and µf

ns = f̃nsh, where f̃nsh refers to the element of the stacked matrix of common
factor scores f̃ corresponding to sample n of subject s and factor h.

3. As the next step, to define the study-specific residuals Ẽs as

Ẽ⊤
s = E⊤

s

(
Ip − Λ̃

(
Λ̃⊤Λ̃

)+
Λ̃⊤
)
,

where Es is the p×Ns matrix of regression residuals with the indices 1, . . . , Ns corresponding
to subject s and the superscript ”+” indicates the Moore-Penrose inverse. These are the sparse
PCA residuals proposed by Camacho et al. (2020), which subtract the common part of the
variability from the data.

4. Now the initial values for µλ
is and µη

ns are obtained from decomposing the P × Ns subject-
specific error matrix Ẽs as Ẽ⊤

s = η̃sΛ̃
⊤
s , with the constrained that Cov(η̃s) = IHs . The

subject-specific loadings matrix Λ̃s of dimensions P ×Hs and factor scores η̃s of dimensions
Ns×Hs are estimated via an unconstrained sparse principal component analysis (PCA) (Erich-
son et al., 2020) available in R-package sparsepca with Hs components and are appropri-
ately scaled. Then we set µλ

is = λ̃ihs, where λ̃ihs is element (i, h) of Λ̃s, and µη
ns = η̃nsh,

where η̃ns refers to the (n, h) element of η̃s.

5. Initial values for the parameters of subject-specific errors ξ2is are determined in the following
way. For s = 1, . . . , S, set âξis = aξ +Ns/2, then let (ξ̃21s, . . . , ξ̃

2
ps) = diag(ẼsẼ

⊤
s − Λ̃sΛ̃

⊤
s )

and set b̂ξis = (âξis − 1)× ξ̃2is. Set b̂bξis = bgis +
(âξis−1)

b̂ξis
.
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6. Initial values for ΣβX

i are defined by setting ΣβX

i =

(
Q−1

i +
∑S

s=1
(âξis−1)

b̂ξis
XsX

⊤
s

)−1

, where

Qi = diag(qi1, . . . , qipX ) and Xs is the pX ×Ns matrix of covariates for subject s.

7. Concentration parameters for slab probabilities are intialised as a mean of the prior distribution.
As the prior distribution is gamma, the initial values for the slab concentration parameters are
the following: for common loadings matrix αΛ = aΛα/b

Λ
α , for the common factors αF =

aFα/b
F
α , and for subject-specific factor loadings αS

Λ = aSΛα /bSΛα .

8. Initial values for the global sparsity parameters κΛ and κF are set equal for the prior hyperpa-
rameters, namely âκΛ = aκ, b̂κΛ = bκ, âκF = cκ and b̂κF = dκ.

9. Initial values for the element-wise sparsity parameters ϕih, ζhns and ϕihs are set equal to prior
hyperparameters, with the rate parameters being equal to its prior mean, namely: âβiϕ

= c,
b̂βiϕ

= d, âϕih
= aϕ, b̂ϕih

= c/d, âβnsζ
= e, b̂βnsζ

= w, âζhns
= aζ , b̂ζhns

= e/w, and
âβϕs

= cS , b̂βϕis
= dS , âϕs = aSϕ , b̂ϕihs

= cS/dS .

10. Initial values of the spike and the slab parameters of θh are set equal to prior hyperparameters,
with the rate parameter being equal to its prior mean, namely: âbΛ0 = aΛ2 , b̂bΛ0 = bΛ2 , âθhspike =

aΛ0 , b̂θhspike = aΛ2 /b
Λ
2 , and âbθ = aΛ1 , b̂bθ = bΛ1 , âθhslab = aΛ, b̂θhslab = aΛ1 /b

Λ
1 .

11. Initial values of the spike and the slab parameters of υh are set equal to prior hyperparameters,
with the rate parameter being equal to its prior mean, namely: âbF0 = aF2 , b̂bF0 = bF2 , âυhspike =

aF0 , b̂υhspike = aF2 /b
F
2 , and âbυ = aF1 , b̂bυ = bF1 , âυhslab = aF , b̂υhslab = aF1 /b

F
1 .

12. Initial values of the spike and the slab parameters of θhs are set equal to prior hyperparameters,
with the rate parameter being equal to its prior mean, namely: âbSΛ

0
= aSΛ2 , b̂bSΛ

0
= bSΛ2 ,

âθhsspike = aSΛ0 , b̂θhsspike = aSΛ2 /bSΛ2 , and âbSΛ = aSΛ1 , b̂bSΛ = bSΛ1 , âθhsslab = aSΛ, b̂θhsslab =
aSΛ1 /bSΛ1 .

13. Initial assignments of θh, υh and θhs to spike or slab is done by randomly sampling from the
probabilities of the slab, when the probabilities of the slab is set asαΛ/(αΛ+H), αF /(αF+H),
and αS

Λ/(α
S
Λ +H), correspondingly.

14. Initial values for common factor loading covariance matrix Σλ
i are set as Σλ

i = (Ψinit
i )−1,

where Ψinit
i = diag

(
âκΛ
b̂κΛ

âϕ

b̂ϕi1
Emix

(
1
θ1

)
, . . . ,

âκΛ
b̂κΛ

âϕ

b̂ϕiH
Emix

(
1
θH

))
with Emix

(
1
θh

)
= rh

âθhslab

b̂θhslab
+

(1− rh)
âθhspike

b̂θhspike
, and the parameters are initiated as described above.

15. Initial values for subject-specific factor loading covariance matrix Σλ
is are set as Σλ

is = (Ψinit
is )−1,

where Ψinit
is = diag

(
Emix

(
1
θ1s

)
, . . . ,Emix

(
1

θHss

))
with Emix

(
1

θhs

)
= rhs

âθhsslab

b̂θhsslab
+ (1−

rhs)
âθhsspike

b̂θhsspike
, and the parameters are initiated as described above.

16. Subject-specific factor covariance matrix is initialised as Ση
ns =

(
IHs +

∑p
i=1 ξ̃

2
is

(
µλ
is

[
µλ
is

]⊤
+Σλ

is

))−1
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17. Common factor covariance matrix is initialised as Σf
ns =

(
Ω−1

ns +
∑p

i=1 ξ̃
2
is

(
µλ
i

[
µλ
i

]⊤
+Σλ

i

))−1
,

where Ω−1
ns = diag

(
âκF
b̂κF

âζ

b̂ζ1ns

Emix

(
1
υ1

)
, . . . ,

âκF
b̂κF

âζ

b̂ϕHns

Emix

(
1
υH

))
with Emix

(
1
υh

)
=

zh
âυhslab

b̂υhslab
+ (1− zh)

âυhspike

b̂υhspike
, and the parameters are initialised as described above.

B.2 Hyperparameter specification

We specify the hyperparameters of the sparse exchangeable shrinkage process prior (ESP) to
induce structured sparsity in both the common and study-specific components while allowing suf-
ficient flexibility for dense signals. The slab inclusion probabilities for the common factor load-
ings and factor scores are governed by Beta distributions with parameters (aΛα , b

Λ
α) = (8, 2) and

(aFα , b
F
α ) = (8, 2), favouring inclusion and thus allowing for a moderate number of common factors.

In contrast, the study-specific factor loadings are assigned (aSΛα , bSΛα ) = (1, 4), encouraging smaller
number of study-specific effects.

Global sparsity for common loadings and scores is controlled via inverse-Gamma hyperpriors
with parameters (aκ, bκ) = (3, 1) and (cκ, dκ) = (3, 1), which favour moderate shrinkage while still
allowing flexibility when supported by the data. Element-wise sparsity is further regulated through
hierarchical inverse-Gamma distributions on local shrinkage parameters, with parameters (aϕ, c, d) =
(5, 1, 1) for common loadings, (aSϕ , c

S , dS) = (3, 1, 1) for study-specific loadings, and (aζ , e, w) =
(5, 1, 1) for common factor scores, promoting a balance between sparse and dense patterns.

The spike-and-slab components are specified through inverse-Gamma priors on the column-
specific variance parameters, with separate Gamma hyperpriors on their rate parameters. For the
common loading variances, the slab component is assigned shape parameter aΛ = 3, with rate pa-
rameter bΛ given the hyperprior bΛ ∼ G(aΛ1 , bΛ1 ) with (aΛ1 , b

Λ
1 ) = (2, 1). We use the same val-

ues for the corresponding common factor-score variances: aF = 3 and bF ∼ G(aF1 , bF1 ), with
(aF1 , b

F
1 ) = (2, 1). For the study-specific loading variances, we use aSΛ = 2 and bSΛ ∼ G(aSλ1 , bSΛ1 ),

with (aSΛ1 , bSΛ1 ) = (2, 1). The spike components are specified analogously, but with larger inverse-
Gamma shape parameters (please see Grushanina and Frühwirth-Schnatter (2025) for the reasoning
behind this choice), aΛ0 = 21, aF0 = 21, and aSΛ0 = 21, together with Gamma hyperpriors on the cor-
responding spike rate parameters: bΛ0 ∼ G(aΛ2 , bΛ2 ) with (aLambda2, b

Λ
2 ) = (1, 2), bF0 ∼ G(aF2 , bF2 )

with (aF2 , b
F
2 ) = (1, 1), and bSΛ0 ∼ G(aSΛS

2 , bSΛ2 ) with (aSλ2 , bSΛ2 ) = (1, 12). This choice yields
clearly separated spike and slab regimes, with the spike components favouring substantially stronger
shrinkage of inactive factors.

Overall, this specification encourages a decomposition with flexible common structure and mod-
erately dense study-specific contributions, while allowing the data to determine the degree of sparsity
at both global and local levels.

B.3 Convergence

Convergence is monitored using blockwise relative Frobenius distances between successive iter-
ates of the variational parameters. For each parameter block, the Frobenius norm of the difference
between iterations is scaled by the norm of the previous iterate. For Bernoulli parameters (respon-
sibilities), distances are evaluated on the logit scale. The algorithm is deemed converged when the
maximum relative Frobenius distance across all parameter blocks falls below a fixed tolerance level
for several consecutive iterations.
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C Postprocessing

C.1 Post hoc identification procedure

In this section, we describe the procedure used to check identifiability of latent factors based on
their unique support, as outlined in Section 4.4 of the main text.

Step 1: Compute activity energy for each factor
In variational inference, the ESP prior does not yield a sharp separation between active and inac-

tive factors, as the corresponding 0/1 indicators are replaced by continuous responsibilities. While
these quantities encode relative shrinkage, they are not guaranteed to concentrate at the extremes and
thus may not provide a stable criterion for factor selection. This motivates the use of an alternative
criterion for identifying active factors.

We identify active factors using posterior summaries of factor loadings and factor scores. We
define activity energy for each factor as the sum of posterior second moments, combining posterior
means and variances. This quantity corresponds to the expected squared magnitude of the factor
under the variational posterior and is closely related to measures of factor strength used in sparse
factor models (e.g. Hochreiter et al. (2010), Bhattacharya and Dunson (2011)).

For common factors, we compute activity energy separately for factor loadings and factor scores.
The factor loading energy for factor h is defined as

A
(λ)
h =

p∑
i=1

([
µλih

]2
+Σλ

i[h,h]

)
,

and the factor score energy as

A
(f)
h =

S∑
s=1

Ns∑
n=1

([
µfhns

]2
+Σf

ns[h,h]

)
.

Activity energy for study-specific factors is computed separately for each study s and factor r in
the following way:

A(λs)
r =

p∑
i=1

([
µλirs

]2
+Σλ

is[r,r]

)
,

A(ηs)
r =

1

Ns

Ns∑
n=1

(
[µηrns]

2 +Ση
ns[r,r]

)
.

The averaging byNs inA(ηs)
r ensures that the study-specific energy is not driven purely by study size.

We then combine both metrics into an overall energy measure for study-specific factor r in study s:
A

(s)
r = A

(λs)
r A

(ηs)
r .

Step 2: Select active factors by relative thresholding
As the next step, we identify active factors by comparing the activity energy of each factor to its

largest value in the corresponding set.
For the common component, define the active factor loading columns and the active factor score

rows as

H+
λ =

{
h : A

(λ)
h > δmax

l
A

(λ)
l

}
and H+

f =

{
h : A

(f)
h > δmax

l
A

(f)
l

}
,
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where h, l ∈ {1, . . . , H}.
The set of active common factors is then defined as H+ = H+

λ ∩ H
+
f . Thus, a common factor is

retained as active only if it is active both in its loading column and in its factor score row.
For study-specific factors in study s we define the set of active factors as

H+
s =

{
r : A(s)

r > δmax
l
A

(λs)
l

}
,

where r, l ∈ {1, . . . ,Hs}. In our simulation studies and application to real data we used δ = 0.1.
Step 3: Estimate supports of active factors
After selecting the active factors, we recover their supports by thresholding posterior means in

the following way. For each active factor h ∈ H+, define its feature support as

Gh =

{
i ∈ 1, . . . , p : |µλih| > cλ max

1≤j≤p
|µλjh|

}
,

and its sample support as

Th =

{
n ∈ 1, . . . , N : |µfhn| > cf max

1≤m≤N
|µfhm|

}
,

where N = N1 + . . .+NS .
Thus, Gh contains the features with sufficiently large posterior mean loadings on factor h while

Th contains the samples for which factor h has sufficiently large posterior mean score. Then, for each
active factor h ∈ H+ we define its total support as the Cartesian product of its feature and sample
supports Bh = Gh × Th. Thus, Bh represents the set of entries of the data matrix where both the
loadings and scores of factor h are non-negligible.

Then, for each active study-specific factor r ∈ H+
s , define its feature support as

Gs
r =

{
i ∈ 1, . . . , p : |µλs

ir | > cλs max
1≤j≤p

|µλs
jr |
}
.

The sample support of the study-specific factors is fixed by the model structure and is given by
T s
r = Is, where Is denotes the set of indices corresponding to the samples belonging to study s.

This reflects the fact that the study-specific factors are, by modeling choice, active across all samples
within their corresponding study. Then, for each active study-specific factor r ∈ H+

s in study s we
define its total support as Bs

r = Gs
r × Is.

In our simulation studies and application to real data we used cλ = cf = cλs = 0.1.
Step 4: Calculate unique support for common factors
For each active common factor h, the unique support is calculated by comparing its total support

with the supports of all other active factors. Computationally, the total supports Bh and Bs
r can be

represented as a binary mask of the data matrix, with entries equal to 1 if the factor is active at that
location and 0 otherwise. With this in view, the unique support of common factor h can be computed
as follows:

1. Create a binary mask for each common factor Mh such that Mh(i, n) = 1 if (i, n) ∈ Bh,
otherwise Mh(i, n) = 0.

2. Create a binary mask for each study-specific factor in each study s M s
r such that M s

r (i, n) = 1
if (i, n) ∈ Bs

r , otherwise M s
r (i, n) = 0, where n = 1, . . . , Ns.
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3. Construct the combined mask of all other factors by summing the binary masks of all other
active common factors l ̸= h and all active study-specific factors in all studies s = 1, . . . , S as

M−h(i, n) = 1

{∑
l ̸=hMl(i, n) +

∑S
s=1

∑
r∈H+

s
M s

r (i, n) > 0

}
.

4. Compute the unique support mask of common factor h as Uh = Mh ⊙ (1 −M−h), where ⊙
denotes element-wise multiplication.

5. Calculate the size of the unique support as |Uh| =
∑

i,n Uh(i, n).

A common factor h is considered identified with respect to information switching if |Uh| > 0,
that is, if its unique support is non-empty. We restrict the construction of unique supports to common
factors, as study-specific factors are usually less sparse and, by design, active across all samples
within a study, making the uniqueness criterion less likely to be satisfied. Moreover, our primary
interest lies in the identification of common factors.
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